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The transition from school 


to college mathematics 


C. STANLEY OGILVY, Hamilton College, Clinton, New York. 
“How can I inject more inspiration and interest 


IT HAS BEEN fascinating and instructive 
to observe the recent trend in opinion con- 
cerning the reform of mathematics teach- 
ing in the schools. After twenty years of 
propaganda in favor of the introduction of 
the New Mathematics we can now discern 
the beginning of a swing in the other direc- 
tion. In almost every new issue of THE 
MatTuematics TEACHER and the Amer- 
ican Mathematical Monthly we find one or 
two articles cautioning us to move ahead 
slowly, to guard against discarding good 
and valuable old material merely to make 
room for something new for the sake of 
its newness. There are even those so bold 
as to suggest that perhaps, instead of try- 
ing to introduce much new mathematics, 
we should do better to concentrate on re- 
vising and revitalizing the old. To put it 
another way, is it possible to change into 
real mathematics what has, in some quar- 
ters, degenerated into meaningless drudg- 
ery and routine? 

From this standpoint, the problem un- 
dergoes a reformulation. It begins to ap- 
pear that “How can I introduce more in- 
spiring and interesting new topics into 
my courses?” was the wrong question. 
Rather we should have been asking, as 
the best teachers knew all along, ‘“How 
can I inject more inspiration and interest 
into the topics already at hand?” Ulti- 
mately the inspiration always comes from 
the teacher, not from the things that are 
taught. 

It is the aim of summer schools, gradu- 
ate courses and the National Science 
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Foundation Institutes to restimulate the 
teacher’s interests, to recharge his mathe- 
matical batteries. Fortunately the NSF 
institutes fulfil a dual role. While introduc- 
ing the teacher to some of the newer fields 
of modern mathematics, they also restore 
skills and abilities which may have be- 
come dormant through disuse. Thus, 
whether an institute member returns to 
new duties or simply to resume the teach- 
ing of his former courses, he has acquired a 
fresh outlook and renewed enthusiasm for 
his subject, without which successful 
teaching is almost impossible. 

College mathematics instructors are 
among those who are happy to see the tra- 
ditional material of high school mathe- 
matics emerging from the doghouse. Espe- 
cially do we rejoice to observe a new 
awareness that all was not well with the 
old way of doing things and that some re- 
visions are in order. To be sure, there is 
not full agreement as to what should be 
done. Probably this is inevitable: there is 
no one ideal mathematics curriculum and 
we may always have to compromise. But 
progress is definitely being made. 

All kinds of radical programs are of- 
fered, tried, rejected, revised and tried 
again. Meanwhile, fortunately, much tra- 
ditional mathematics continues to be 
taught. I do not intend to sponsor here a 
“new program’’; you have seen enough of 
those. Rather I should like to make a few 
suggestions on a much more modest level. 
Under the assumption that, whatever else 
you do, you are going to continue to teach 
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a lot of algebra, geometry and trigonom- 
etry (at least I devoutly hope you will), 
what, specifically, can you do to present 
these subjects in a better way? You are 
continually being exhorted to “improve 
your teaching”; but seldom does anybody 
explain how. 

I shall mention only one small aspect of 
the problem, that aspect which concerns 
me directly. What can you do to improve 
the mathematical abilities, as viewed and 
judged by the college teacher, of the 
students you send to us? 

Perhaps I should mention here that, as 
a former secondary school teacher, I know 
very well what you are up against. I speak 
from no ivory tower. Your problems are 
our problems. If we, as college teachers, 
did not run into the same difficulties that 
you do, I should not be writing these 
words. I am merely trying to enumerate 
some of the things we should all be think- 
ing about. It is only through close co- 
operation between school and college that 
we can get our young people properly 
started in their mathematical and scien- 
tific careers. If I am critical, I criticize 
myself as much as anyone else. I am re- 
minded of the irate teacher of second year 
algebra who, losing patience with a slow 
student, stormed, ‘‘Who was the dunder- 
head who let you pass first year algebra? 
Oh, to be sure—hem—yes, I remember 
now; it was I.” 

The incoming freshman receives a big 
shock when he starts his college mathe- 
matics. It takes him a long time to adjust 
to the great change in level. This change 
is not so much in course content as in in- 
tellectual approach: suddenly much more 
is expected of him than ever before. Again 
and again I have freshmen reproachfully 
say to me, “I can’t understand why I am 
getting C’s (or D’s or F’s); I always got 
straight A’s in high school.” The unspoken 
implication is obvious: “If only you were 
as good as my high school teacher I might 
learn something.” Usually further ques- 
tioning reveals that what they were doing 
in high school was not mathematics at all, 


but simply some routine processes of solv- 
ing stereotyped exercises. After the first 
hour-test in the fall comes the general wail, 
“But we haven’t covered that problem!” 
That of course is precisely the reason it 
was on the test. Apparently many high 
school tests consist only of “policing” 
questions, checking whether or not the 
students have “learned” (memorized?) 
certain standard procedures. These stu- 
dents are seriously shaken to discover that 
something more than this is required of 
them if they are to do well in college math- 
ematics. 

The kind of question that seems some- 
what foreign to their experience, but is 
the only kind really worth asking, in- 
volves applications of known routines to 
unfamiliar situations. A common com- 
plaint is, “I could have solved the problem 
if I had just known how to start.”’ This 
confesses a misunderstanding of the facts 
of life: the problem was “how to start.” 
For example, after some plane areas have 
been found by the standard methods of 
integration, a test question might hinge 
on setting two areas equal to each other 
with the unknown appearing in one of the 
limits on an integral sign. This of course 
they would have to set up as well as solve 
—without ever having done either before. 
Or perhaps a question might be asked in- 
volving an understanding of theory. After 
a study of the ‘delta process” of differenti- 
ation, one could ask, ‘““‘Would a negative 
Ax make any sense? Explain.”” Obviously 
this sort of question is worlds away from 
finding the derivative of a polynomial, ex- 
pertness in which might delude a high 
school student into thinking himself good 
at mathematics. 

Needless to say, not all the questions on 
a freshman calculus test are of this caliber. 
if they were, I suppose everybody would 
flunk. But there is a strong shift of em- 
phasis away from drill questions. Method 
is what counts. One deplores lack of ac- 
curacy in numerical work, to be sure, but 
one does not go into a rage about it. 
Everybody makes careless errors. The as- 
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sumption is that, given time and an at- 
mosphere more relaxed than that of an 
examination room, careless errors could be 
eliminated. What matters much more is 
whether the student has the faintest idea 
of how to go about the problem. What does 
the question mean? In what general direc- 
tion lies the answer? What sort of reason- 
ing is involved? What, if any, complicated 
tools are needed? It is clear that many 
freshmen have never had to frame these 
questions. Every “problem” presented in 
school was in reality no problem at all; it 
fitted comfortably into a readily recog- 
nized groove, and a turning of the crank 
ground out an answer. 

I once remarked to a freshman class 
that in this course we didn’t necessarily 
get answers; I admitted that we often dis- 
cussed questions and sometimes derived 
results. Thereupon one student, who had 
always labelled the last line “Answer,” 
dutifully changed the label and wrote “Re- 
sult”? at the end of every problem for the 
rest of the year. 

It is regrettable that some high school 
teachers (surely no readers of THE MATHE- 
MATICS TEACHER) succeed in leaving their 
students with the impression that mathe- 
matics consists of a series of operations in 
a specified order; that there is only one 
right way to do anything; and that if one 
merely follows the leader—I mean the 
teacher—the answer will appear. This is 
about as far from real mathematics as it is 
possible to get; yet some students whose 
knowledge extends no further made “A” 
records in high school. 

To come down to cases, how many high 
school boys and girls know why one 
should “rationalize the denominator” in 
an “answer’’? Why isn’t 1/+/2 just as good 
as +/2/2? Do you know? Your students 
don’t, because every year I ask them and 
in general I draw a complete blank. The 
“reason” is supposed to be, of course, that 
2/2 can be decimalized by short divi- 
sion, once +/2 has been decimalized, 
whereas 1/+/2 requires a long division. It 
ought to be clear, then, that as long as we 


are not going to decimalize this quantity 
(and we rarely have any occasion to do 
so), we might just as well—in fact better 
—leave it 1/2. A student for whom 
rationalizing the denominator has become 
a sacred rite is quite blind to the possibility 
of rationalizing the numerator, a maneuver 
never mentioned in elementary algebra 
but just as important as the other one. 
For example, sin 6= +/2/2 may not ring a 
bell, whereas sin @=1/+/2 is an old friend. 

Another example: sin 0/2= 4/(1— cos 6) /2 
may be well ingrained in a student’s mem- 
ory; yet when confronted with the equiva- 
lent identity, sin? @=(l—cos 2@)/2, so 
important in integration, he says flatly, 
never had that one.” 

Another: it is easy to differentiate on 
sight the expression x—1/z if only you 
leave it alone. But the eager algebraist has 
been taught that (2?—1)/z is “simpler 
form” (don’t ask me why). Therefore he 
must needs write it so, thus making the 
differentiation more difficult and sub- 
stantially increasing the chance for error. 
I am told that the quaint old expression 
“Reduce your answer to simplest form” 
is finally falling into disuse. It’s about 
time. 

I have had freshmen who thought that 
.79788 --- was better than »/2/x, and 
whe actually took the time to change the 
second into the first by long division and 
root extraction without even a slide rule! 
If you want to have some fun, ask the 
members of your class to write down the 
most accurate expression they know for 
the ratio of the circumference of a circle 
to its diameter. You will get everything 
from 3 to 22/7, with a majority vote in 
favor of 3.14159.... Only a very few 
will think of putting down two vertical 
straight bars with a horizontal wavy bar 
across the top. 

One could multiply examples, but the 
point is surely obvious: a technical knowl- 
edge is not to be neglected; but if, in addi- 
tion, a student can acquire a feeling for 
flexibility, for adaptation, for making the 
techniques work for him and not against 
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him, he is on his way toward becoming a 
mathematician. He must maintain an 
open mind, be on the alert for possibilities, 
exploit all known methods, and then be 
ready to develop new methods if the old 
ones are inadequate. This is a way of look- 
ing at mathematics which does not occur 
to most beginners. 

I close with a humble illustration from 
my own home. A partition wall was being 
removed, and a heat outlet would obvi- 
ously interfere with a new door which had 
to be installed. There was no way to relo- 
cate the door. The heating engineer imme- 
diately attacked what to him was a simple 
problem: “How can we best move the 
heater out of the way?” His solution in- 
volved a rather extensive rebuilding of the 
ducts in the cellar to move the outlet 
farther down the wall. With all due respect 
to a profession which numbers some ex- 
ceedingly keen experts among its mem- 
bers, I suggest that he was thinking like 
an engineer. The mathematician on the 
scene reframed the problem: “How can 
we best reorganize the system so that the 
heater will no longer be in the way?” This 
may sound like the same question, but it 
is not. The existing heater was reversed, to 
heat the room on the other side of the wall, 


and its mate, farther down the wall, was 
also reversed to take its place. No ducts 
had to be rebuilt and the job was quickly 
accomplished, the engineer muttering, 
“Why didn’t I think of that?” You may 
say that this was simply a matter of com- 
mon sense, which anyone should have 
figured out. Of course anyone should; but 
anyone didn’t, which is the only point of 
the story. Besides, good mathematics 
properly presented is nothing but ad- 
vanced common sense. 

A student who successfully completes a 
college mathematics major has learned far 
more than a new collection of techniques. 
We hope that he has begun to learn how 
to think like a mathematician. This means 
that he has acquired not only the knack 
of solving problems, although that is im- 
portant; but also the ability to formulate 
the problem, to get it ready to solve. The 
man who is able to formulate problems, to 
analyze them and arrange them so that 
they become capable of solution, is in the 
highest demand today. If we can succeed 
in helping our youngsters to acquire this 
ability through their mathematics courses, 
we shall have made them more useful to 
society, to their employers, and to them- 
selves. 


Have you read? 


BE.LLMAN, Ricwarp, and Brock, Paut. “On the 
Concepts of a Problem and Problem-Solv- 
ing,’”’ The American Mathematical Monthly, 
February 1960, pp. 119-134. 


Problem solving is always an interesting sub- 
ject, and there will always be opportunities to 
increase our efficiency in this activity. Although 
this article is on computing devices, it seems to 
me it has implications for all of us. 

The author divides problems into three 
types: natural, model, and symbolic. He points 
out that the concept of what constitutes a 
solution is changing, and that more and more 
emphasis is placed on the solution process. The 
solution process asks if reductions are necessary, 


if so how reduced, if the reduced problem has a 
solution, and, if not, can it be reduced again? 
This can be a never-ending process. Each type 
of problem has its particular solution process. 
The solution to a symbolic problem must be 
ideal and contain three difficulties: analytic, 
computational, and conceptual. 

Computers find the conceptual difficulty 
most troublesome. Your students will be inter- 
ested in the illustrations given and how some 
simple ones give rise to conceptual conundrums. 
If you never see a computer, this discussion 
should help you in problem solving.—Puxt1uip 
Peak, Indiana University, Bloomington, Indi- 
ana. 
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What mathematics 
for the terminal student? 


JACK D. WILSON, San Francisco State College, San Francisco, California. 
A question that still needs an answer even though one 


MATHEMATICIANS and teachers of mathe- 
maties in many schools and colleges have 
recently made the decision to reform the 
old high school mathematics curriculum 
and to install a new modernized program. 
Efforts in this direction have not been suc- 
cessful in the past, but today four new 
ingredients have been added: 


1. Unlimited amounts of money, running 
into millions of dollars, are available to 
those who are organizing the new 
programs. 

. University mathematicians are actively 
co-operating with high school teachers 
in the planning and writing of new 
materials. 

3. The public is more sympathetic to 
mathematics and to mathematics 
teachers than at any time in the past. 

. And, finally, classroom teachers are 
themselves exhibiting a degree of en- 
thusiasm far beyond anything seen in 
earlier periods. (Compare, for instance, 
the registration of over 800 at a recent 
two-day California Asilomar conference 
with the enrollments of 150 to 200 
which were common only three or four 
years ago.) 


In this first great surge of excitement, a 
great deal of energy has been expended in 
an effort to provide new courses for the ccl- 
lege preparatory student, but very little 
attention has been devoted to the needs of 
other types of pupils, especially to the so- 
called terminal students. So we rightly 
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ask: What kind of mathematics is most ap- 
propriate for these students? What course 
content is most promising? What kinds of 
teachers are needed? And, finally, what 
role should the teacher-education institu- 
tion play in the preparation of teachers for 
the terminal courses? 

Now, I think it is self-evident that we 
cannot solve this problem in isolation. We 
must look at the over-all picture, past and 
present. We need answers to the questions: 


1. What is going on in ‘the elementary 
grades? What are the’ implications of 
these developments for the secondary 
program? 

. What efforts have been made in the 
past in the area of mathematics for 
general education? Do these efforts 
offer any clues for the future? 

. To what extent should mathematics for 
the terminal student be the same, to 
what extent should it be different from 
that offered in the college preparatory 
sequence? 


Let us turn our attention to the first of 
these questions: What is going on in the 
elementary grades? 

Even a casual survey shows some very 
interesting developments. As you know, 
starting about thirty-five years ago, arith- 
metic was gradually pushed up through 
the grades, with some schools even elimi- 
nating the subject entirely from the first 
three years. This was called the stepped- 
up curriculum. And one superintendent 


November, 1960 


J 
. 
id 
4 
A 
[et aig 
fee 
rigs 
my 
ack 
> 
| 


stepped arithmetic up so far that no 
formal arithmetic at all was taught in the 
first five or six grades. The resulting situa- 
tion was depicted in cartoon form as 
follows: A class of pupils are all busily en- 
gaged with sandbox toys, except for one 
little boy who is standing at the chalk- 
board on which he has just written 
“2+2= ”’; a somewhat impatient teacher 
is standing over him and saying, ‘‘Come, 
come, Jimmie, stop fooling around.” 

The results of this unfortunate move- 
ment were well-nigh disastrous, and we 
are still feeling its effects. Of course, the 
arithmetic people eventually recognized 
the folly of their postponement program, 
and now arithmetic has been pushed down 
again. Today it is almost back to where it 
was thirty years ago. 

And naturally this movement has im- 
portant implications for the secondary 
school mathematics program of our ter- 
minal students. Presumably they will 
reach the high school level with a better 
arithmetic background than heretofore, if 
for no other reason than a prolonged ex- 
posure to the subject. 

But there are other changes. Thirty 
years ago, arithmetic was primarily a drill 
subject, dull, dry, and unpopular. As a 
reaction to this very unpleasant arith- 
metic, there began a strong movement to 
socialize the subject, to build a “daily life’ 
arithmetic. This was the heyday of the 
theory of social utility, the period when 
Professor Guy Wilson and his co-workers 
were carrying out extensive experiments 
to determine what mathematics adults 
actually used and hence what mathematics 
should be taught to children in the grades. 

But this extreme socializing of the sub- 
ject failed. It failed because it did not take 
sufficient cognizance of the fact that arith- 
metic has a systematic logical structure. 
To understand arithmetic and use it 
properly, one must discover the meanings 
underlying the fundamental processes. 
These meanings are not to be found in 
social situations; they are only to be found 
in the number system itself. 


Thus from a feeble start in 1930, the 
drive to make arithmetic meaningful 
gathered strength during the forties and 
fifties. You all know the leaders in this 
movement—Brownell, Buswell, Gross- 
nickle, Brueckner, Spitzer, Carpenter, 
Hartung, Van Engen, and many others 
who have worked long and hard toward 
their goal. And the end is not in sight! Just 
recently there have been new and novel 
efforts in this direction with some text- 
books introducing variables and ratios in 
the fourth grade and systematically build- 
ing understanding of these key concepts 
in the fifth and sixth grades. Thus in one 
textbook series, all three cases of per cent 
are solved via the use of ratios; the student 
follows a systematic plan of attack, always 
setting up two equal ratios regardless of 
the type of problem with which he is con- 
fronted. Such an approach, based on pat- 
terns and structure, promises to take some 
of the mystery out of per cent, especially 
Case III which has long been recognized 
as very difficult for the average child. 

Solving problems through simple equa- 
tions is not a strange or radical innovation. 
It is an evolutionary movement arising out 
of the work of the past twenty years and, 
as such, is a natural development. How- 
ever, it does not go far enough to satisfy 
some of the persons who have recently 
become interested in the elementary cur- 
riculum. I refer, for instance, to Suppes 
and Hawley who are introducing geometry 
in Grades 1 and 2; to David Page and 
others who are experimenting with various 
teaching methods and mathematical ideas 
at the University of Illinois; and to the 
School Mathematics Study Group which 
has published several extremely interest- 
ing units for use in Grades 7 and 8. These 
represent only a very incomplete listing of 
persons who have recently turned their at- 
tention to the elementary mathematics 
curriculum. 

And from the combined efforts of all 
these people, there will certainly come a 
better elementary curriculum than we 
have today, although hazards do exist, 
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especially if premature action presents us 
with a pure science of number taught with 
little regard for the social purposes. 

But whatever happens, one conclusion is 
inescapable: much more arithmetic will be 
taught in the lower grades, and what is 
taught will be presented with increased 
emphasis on mathematical structure. And 
this, in turn, will exert an all-important 
influence on the kind and amount of 
mathematics which is teachable in the 
upper grades. Thus, in selecting learning 
materials for terminal students in our high 
school grades, we cannot afford to ignore 
the newer developments in the elementary 
school; we must exercise care to choose 
topics which grow naturally out of these 
newer experiences. 

Let us now turn our attention to the 
second series of questions: What kind of 
mathematics has been provided for ter- 
minal students in the past? Does past ex- 
perience offer any clues for the future? 

Now we all know that teachers have 
been wrestling with the problems of ter- 
minal mathematics for at least thirty 
years. Articles have been written; courses 
of study have been worked out; textbooks 
have been published; committees have re- 
ported. Yet we are still looking for answers. 

In the thirties, we tried general mathe- 
matics—an integration of old-fashioned 
algebra and geometry with some arith- 
metic and trigonometry. But this effort 
did not meet with favor; the climate of 
opinion was just not right. In those de- 
pression days of the thirties, we could not 
justify mathematics “for its own sake’; 
we had to show that the subject was useful 
in daily-life activities. And this the early 
courses in general mathematics did not do. 

As a matter of fact, this point of view 
prevailed not only in general mathematics 
but even in geometry. We are all familiar 
with the attempts to teach geometry in 
such a way that the methods learned 
would carry over into ordinary life situa- 
tions. The most famous effort in this 
direction was the “‘Nature of Proof’’ year- 
book by Harold Faweett. 


Thus during the late thirties and early 
forties there developed a_ socialization 
movement in all our mathematics courses, 
but especially in general mathematics. 
Many persons, including the authoritative 
Commission on Post-War Plans, recom- 
mended the establishment of multiple 
tracks in secondary mathematics, some- 
times two, sometimes three or more—one 
track for the upper 15 per cent and other 
tracks for the remaining 85 per cent. 

All through this period the general 
courses received much more attention 
than did their traditional rivals, algebra, 
geometry, and trigonometry. Over and 
over again these questions were asked: 
What mathematics is needed for citizen- 
ship? What mathematics for everyday oc- 
cupations? What mathematics for intelli- 
gent reading of newspapers and maga- 
zines? But most of all, what mathematics 
is needed in the home? 

As this questioning continued, there de- 
veloped a strong movement for a general 
mathematics which differed from the 
traditional courses not only in degree but 
also in kind, a general mathematics which 
placed primary emphasis on skills and 
social applications. 

Parenthetically, it must be admitted 
that this general mathematics frequently 
degenerated into remedial arithmetic, but 
it must also be granted that many schools 
did much better. 

Now what did the average teacher think 
of this attempt to socialize the subject 
matter of general mathematics? This is a 
difficult question to answer and must be 
viewed in the light of the conservatism of 
the average teacher. So slow have teachers 
been to adopt new ideas in the past that 
it has usually taken about twenty years 
for a new movement to gain general ac- 
ceptance. One explanation for this re- 
luctance to adopt new materials is that the 
risks have seemed large and the rewards 
mainly hard work. Nevertheless, in this 
instance, teachers were willing to make a 
serious and immediate effort to implement 
a program of social mathematics. 
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As we follow the march of events into 
the fifties, we find mathematics teachers, 
individually and in committee, waging a 
continuing struggle to organize mathe- 
matics within socially-significant situa- 
tions. In California, the major study group 
was the state-wide Committee for the 
Study of Education which brought in its 
report in January, 1957. 

And what recommendations did this 
committee have for the terminal student? 

I think it would be fair to say that there 
was a continuing emphasis on socialized 
mathematics with particular attention to 
the problemsof housekeeping and business. 
Four courses were suggested: 


Mathematics 9: Mathematics of Gen- 
eral Education 
Mathematics 10: Mathematics of the 
Industries of the 
Community 
Mathematics 11: Mathematics of the 
Businesses of the 
Community 
Mathematics 12: Mathematics of the 
Consumer-Citizen. 


Two other recommendations indicate the 
flavor of this report: 


1. The suggestion that college faculties 
should work more closely with business 
and industry so as to understand better 
the need for a broad training of mathe- 
matics teachers; and 

. The recommendation that future math- 
ematics teachers should take an intro- 
ductory survey course covering the 
quantitative aspects of economic, social 
and political problems of the consumer. 


In reading this report, one conclusion is 
inescapable: the problem of providing 
suitable mathematics experiences for the 
terminal student had not yet been solved. 
And we naturally wonder, after all these 
years of effort, why we seem to be so far 
from the-solution. With all the thinking 
that has gone into the organization of con- 
sumer mathematics courses, to mathe- 
matics for everyday life, why are we so far 


from our goal? I am going to suggest four 
reasons. 


1. In my opinion, courses in consumer 
mathematics do include many socially 
useful topics, but these topics do not 
involve enough real mathematics. For 
instance, abilities such as filling out in- 
come tax forms and planning personal 
budgets are important social compe- 
tencies, but they are not really mathe- 
matics. 

. There is reason to believe that high 
school students find these social units 
neither interesting nor important. For 
example, the study of mortgages, in- 
surance, and taxes has little realism for 
a sixteen-year-old who will not buy his 
own home until many years have 
passed. 

. High school teachers, burdened by re- 
sponsibilities, just cannot spend a lot 
of time searching for new socialized 
materials, especially today when they 
are obligated to learn and to teach so 
much new mathematics. 

. Finally, and most important, we are 
living in a period of such rapid change 
that we cannot possibly plan an edu- 
cational program on the basis of social 
utility. We cannot possibly predict the 
social needs of twenty, ten, or even five 
years hence; consequently, it is ex- 
tremely hazardous to organize a pro- 
gram on the basis of usefulness in every- 
day life. 


We have no alternative, therefore, but 
to turn to mathematics itself for our 
source of teaching materials. We do have 
a pretty good idea as to what concepts 
will be important in the future, even 
though we cannot know with any degree 
of certainty what skills will be needed or 
what social applications will be valuable. 
Further, I think we would all agree that a 
student who understands the concepts of 
mathematics will display a greater versa- 
tility in handling quantitative problems 
in later life than will a student whose in- 
struction has been rooted mainly in social 
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applications. Thus the teaching of con- 
cepts must occupy the central position in 
all our high school mathematics courses. 

This brings us to a consideration of the 
third question that we posed at the be- 
ginning of this paper: In what way should 
mathematics for the terminal student be 
the same, in what way should it be dif- 
ferent from the mathematics in the college 
preparatory sequence. 

I think the answer to this question is 
evident from the foregoing discussion. Re- 
gardless of the nature of the student body, 
course content must be focused on mathe- 
matical principles; mathematics for the 
college preparatory student and mathe- 
matics for the terminal student will differ 
only in degree. 

But this decision carries with it an im- 
portant responsibility. We must insure 
that the course content for our terminal 
students does not overemphasize concept 
building to the point where skills and ap- 
plications are neglected. In this connec- 
tion, there is the story of a teacher writing 
simple arithmetic exercises on the black- 
board and a bright-looking little fellow 
whispering to another with great serious- 
ness, “It isn’t the atomic theory that 
bothers me—it’s the adding and subtract- 
ing.”’ In the present context, this same boy 
might be saying, “I know the postulates 
of a field but I can’t add or subtract.” Or, 
“Yes, I understand the distributive law 
but I can’t multiply or divide.” 

Thus, for the terminal student, we must 
proceed slowly in our enthusiasm for 
generalizations, in our desire to achieve a 
high level of abstraction. We must not lose 
sight of the fact that many high school 
students find abstractions difficult, that 
proofs acceptable to mathematicians leave 
the average student completely cold. We 
will need to make a careful selection of the 
concepts and ideas to be developed if we 
are not to defeat our main purpose. And, 
as we teach each concept, we must always 
try to show some relationship with ordi- 
nary life activities, even if these relation- 
ships are somewhat fanciful and artificial. 
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However, you will notice that this ap- 
proach differs from that employed in social 
mathematics in a fundamental way: the 
mathematical concepts become central to 
our study; the applications are peripheral 
and are introduced primarily to motivate 
the mathematics. In other words, we are 
not so much interested in a specific bit of 
knowledge as in ability to think in mathe- 
matical terms. 

Now it would go far beyond the scope of 
this paper to try to outline a mathematics 
course for terminal students; in fact, much 
experimentation may be nezessary in 
order to develop a program which will be 
even partially successful. The most we can 
do here is to list a few topics which appear 
to qualify as good vehicles for developing 
understanding of mathematical concepts 
and which, at the same time, are suf- 
ficiently concrete to hold the interest of 
the terminal student. We will comment 
briefly on each of the following: numeral 
systems, structure of algebraic systems, 
elements of statistics, elements of algebra, 
and review of basic fundamentals. 


1. Numeral Systems. The study of nu- 
meral systems with bases other than ten 
helps to develop a broader understanding 
of our own system, especially if presented 
in an interesting quasi-historical fashion. 
Further, the instructor can show how 
other numeral systems, such as the 
binary, are employed in modern business 
applications. But these specific applica- 
tions are merely convenient sources of 
motivation to reinforce the mathematical 
concepts. 


2. Struciure of Algebraic Systems. An at- 
tempt must be made to give the terminal 
student some idea as to the nature and 
structure of algebraic systems. We can, 
for instance, use a five-hour clock to build 
addition and multiplication tables, modulo 
five, and, from the tables, illustrate clo- 
sure, the associative law, the existence of 
identity elements, the existence of inverse 
elements, and the commutative law. This 
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activity should help to clarify the stu- 
dent’s understanding of the number sys- 
tems that he meets in ordinary life: the 
whole numbers, the integers, the rationals 
and the reals. 


3. Elements of Statistics. All our students 
should have some instruction in ele- 
mentary statistics but again the develop- 
ment of concepts must occupy a central 
position. For example, we can show the 
need for precise definitions by comparing 
the vagueness of “average” with the exact 
meanings assigned to “mean” and to 
“median.” Similarly, we can illustrate the 
role played by assumptions even in the 
relatively simple problem of computing 
the mean from grouped data: the stu- 
dent must assume that the scores in any 
interval are uniformly distributed througb- 
out that interval; then, in computing the 
mean, he can assume that all scores in a 
given interval can be considered as located 
at the mid-point of that interval. 


4. Elements of Algebra. The elements of 


algebra (modern approach) should be pre- 
sented and developed to whatever degree 
is feasible in a given classroom. Various 
practical applications involving formulas 
and ratios will provide a link with life 
situations. A culminating activity might 
be the development and utilization of the 
constant ratio formula for computing in- 
terest rates in installment buying. 


5. Review of Basic Fundamentals. In 
courses for terminal students, we must 
arrange for interesting drill exercises 
(magic squares, tack-on and teens multi- 
plication, early methods of multiplication, 
and various puzzles and games) as well as 


diagnostic and remedial instruction and 
straightforward basic drill. 

These suggestions represent only a few 
of the many possibilities that are available 
to those who are organizing courses for 
terminal students. 

Finally we come to this question: What 
role should the teacher-education institu- 
tion play in the preparation of teachers for 
terminal mathematics courses? On the 
basis of our earlier discussion, I think we 
can say with some confidence that the 
training for teaching terminal mathe- 
matics will not require any special courses. 
The new requirements for the mathe- 
matics-teaching major already include 
courses like modern algebra, modernized 
college geometry, statistics, probability, 
and arithmetic from an advanced view- 
point, together with a professionalized cur- 
riculum and instruction course to pull to- 
gether the ideas developed in other courses 
and to consider how they can be best 
utilized in the mathematics program of the 
terminal student. And this should be ade- 
quate! 

The road ahead is clear. Never before 
have there been so many factors favorable 
to our cause. Never before have we had 
such a golden opportunity to build a 
strong mathematics program. We must 
take advantage of this unparalleled oppor- 
tunity, but to do so we must be nimble and 
we must be quick. As rapidly as possible, 
we must place our mathematics program 
on a foundation so firm that its future will 
be assured for our time and the time of our 
children. 

And the stakes are high! A country lack- 
ing a good mathematics program cannot 
long maintain a strong position in the 
modern world of advanced technology. 


Many small schools are now encouraging 
capable pupils to progress more rapidly than 
normal by taking correspondence or extension 
courses in subjects not otherwise available.— 


“Schools in Our Democracy,” U.S. Department 
of Health, Education, and Welfare, Office of 
Education. 
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Problems involving overlapping 


BROTHER U. ALFRED, F.S.C., St. Mary’s College, California. 


In a sampling of 1,000 persons it was found that 215 took at least 
two of four leading magazines, 35 took all four, while 125 took none. 


IN THE ATTENTION that has come to be 
given to sets at the secondary level, it is 
usual to find passing reference to problems 
such as the following: 

In a group of black and white rabbits, 85 
are wholly or partly white, while 67 are wholly 
or partly black. If there are 137 rabbits in all, 
how many are all white, how many all black, 
how many partly white and partly black? 
This is the very simplest type of problem 
involving overlapping finite sets. 

For the purposes of this article, we shall 
define the term set as any collection of well- 
defined objects, distinguishable one from 
another. 

The universe (under consideration) is a 
set of objects from which the given set or 
sets are drawn. 

The intersection of two sets is the subset 
consisting of their common elements. 

In the foregoing example, we can pic- 
ture the situation by means of a Venn dia- 
gram. The rectangle represents the uni- 
verse, while the circles represent two sub- 
sets, their common area being the inter- 
section subset. (See Fig. 1.) 


Figure 1 
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A total of 965 copies was involved. Are these data consistent? 


Let A,=the set of white rabbits, wholly or 
partly white, 

A,=the set of black rabbits, wholly or 
partly black, 

Ai. = theset of black-and-white rabbits. 


For each set there is a cardinal number, 
that is, the number of objects in the set 
which by supposition is finite. Correspond- 
ing to each of these sets, we have cardinal 
numbers Ne, and Ni respectively. 

In the given figure are shown four main 
areas: 


Aj indicates the set of rabbits with no 
white or black. 

Aj indicates the set of wholly white 
rabbits. 

Ay indicates the set of white and black 
rabbits. 

Ay indicates the set of wholly black 
rabbits. 


These particular sets may be denoted the 
ultimate sets, as all other sets may be repre- 
sented as combinations of them. For 
example, 


A; = Ayn U Au 


since, logically, white rabbits must be 
either white and black or white and not 
black. 

This has been a long introduction to 
solving a very simple problem. We have 
the following data given: 


N, = 85, 
N2 = 67, 
N = 137 (total number in the universe). 
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But N = NyutNistNiutNp, while 
and Ne=Nut+Nn. 
Hence Since Ny 

is implied to be zero, 
137 =85+67—Ni» 
or 
Nw=15, number of black-and-white 
rabbits; 
number of 
wholly white rabbits; 
number of 
wholly black rabbits. 


Such a problem, while instructive in an 
introductory way, does not have sufficient 
variety to bring out some of the more in- 
teresting features of overlapping finite sets. 
We proceed, therefore, to a problem in- 
volving three different sets which is more 
or less the ideal case to consider in arriving 
at a more comprehensive view. Again let 
us take a problem, such as the following: 

For a small town, statistics indicated that of 
the male adults (7,635 in all) 
5,492 were coal miners, 
6,057 were Democrats, 
4,135 were affiliated with a church, 
4,532 were coal miners and Democrats, 
3,957 were church affiliates and Democrats, 
3,553 were church affiliates and coal 
miners, 
3,337 were church affiliates, Democrats, 
and miners. 
How many were not church affiliates, nor 
Democrats, nor miners? 


Following the previously adopted nota- 
tion, let A; be the set of coal miners, Ag, 
the set of Democrats, and A3;, the set of 
church affiliates. The corresponding cardi- 
nal numbers would be Ni, N2 and N3. Here 
we have a Venn diagram in which we mark 
eight different areas. (See Fig. 2.) These 
correspond to the ultimate sets mentioned 
above. Thus the set of non-coal miner, 
non-Democratic, non-church members is 
indicated as Ays3, the set of coal miners 
who are not Democrats or church members 
is indicated Ajs3, and so on. It will be 
noted that the ultimate sets involve, in 
addition to positive characteristics, nega- 
tive characteristics as well. Thus, Ax; 
means the set of men who are coal miners, 
but not Democrats or church affiliates. On 


Figure 2 


the other hand, the given data involve 
positive characteristics only, the seven 
figures corresponding respectively to Ni, 
No, N3, Niz, Nis, Nos, We are also 
given N, the total number in the universe. 
The quantity we are seeking is Njy33, the 
cardinal number of the set outside the 
three given sets in the Venn diagram. 

The problem, therefore, is to find a rela- 
tion among the positive characteristic fre- 
quencies and N and Nys3. We can start 
with the fundamental relation: 


N +N 133 
+Ni3+Ni+N 13, 


which states that the cardinal number of 
the universe is the sum of all the cardinal 
numbers of the ultimate sets. There are 
three pairs, such as Ni23+Ni33, which can 
be transformed as follows: 


Using these relations, we find that: 
—No3t+Ni3 


Substituting the values as given in the 
problem, we have 


7,635 = Ny33+-5,492+-6,057 +4, 135 — 4,532 
— 3,957 —3,553+-3,337 
or Ny33= 656. 
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GENERALIZATION 


When we pass to more than three sets, 
visualization by means of a Venn diagram 
becomes more difficult. However, the fol- 
lowing formula results as an extension of 
the previous cases. First let us indicate by 
No the set not included in any given sets. 
Then: 


i=l 


i,j=l 
i<j 
n 
+ 
i<ick 


or, if we use the convenient notation: 
Si= S:= > Niu; etc., 


so that, for n sets, 


n 
N=Not+ (-1)*"'S; 
k=1 
BUILDING UP SET INFORMATION 
FROM ORIGINAL DATA 


The usual problems about overlapping 
sets state certain numerical data, such as 
were given in the two problems above. But 
experience seems to point to the con- 
clusion that a great deal of insight into the 
nature of the situation is lost unless we go 
back to the originally collected data and 
see precisely how they are related to the 
statements about sets. From the peda- 
gogical standpoint, it would probably be 
a good idea to collect some anonymous, 
minor social statistics in the class, as the 
number of cases involved is not large. Such 
a procedure would tend to add interest. 
Thus, each student might be given a list 
of four curriculum subjects being studied 
by the members of the class and asked to 
check the ones he likes. These data, duly 
arranged in a table with one line for each 
student and four columns corresponding 
to the four subjects, would be the raw ma- 
terial for the investigation of sets. 

If it is deemed undesirable to adopt this 
procedure, one need merely arrange a table 


TABLE I 


Total 


Case Sels 
I , i¥ V 
1 x x x 
2 x 
3 x x x 
4 x x 
5 x x 
6 x x x 
7 x 
8 x x 
9 
10 x x 
11 x 
12 x x x 
13 x 
14 x x x 
15 x 
16 x 
17 x x 
18 x x x 
19 
20 x x 
21 x x 
22 x x x 
23 x x x 
24 x 
25 x 
26 x x x x x 
27 x x x x 
28 x x x x 
29 x f x 
30 x x 
31 x x x x 
32 x x x 
33 x 
34 x 
35 x x x x x 
36 x 
37 x 
38 
39 x 
40 x 
41 x x x 
42 x x x x 
43 x x 
44 x 
45 x x 
46 x x 
47 x x x x 
48 x x x x 
49 x 
50 x x x x 
Totats 19 24 23 25 18 1 


526 The Mathematics Teacher | November, 1960 


Sige j 
Pr 
4 f 
i 
; 
y 
4 
ig 
ewes 
: 
he 
ix 
4 


with columns corresponding in number to 
the number of sets in question and hori- 
zontal lines equivalent to the individual 
cases. Then by placing checks more or less 
at random in the spaces, one can create 
data for the study of sets. Table I repre- 
sents such an arrangement. 

Ultimate class frequencies. A moment of 
thought will convince one that the ulti- 
mate class frequencies may be found 
directly from the table. For five sets, there 
are 2° or 32 possible ultimate frequencies. 
Case 1, for example, belongs to set Asa; 
Case 2, to Ams; and so on. 

Inasmuch as listing the ultimate sets 
and ultimate frequencies corresponding to 
them in the form Ajo or Nis, respec- 
tively, involves a great deal of writing, the 
following convenient notation is adopted 
in this article. For Ayys we shall write 
(Aj2)o, the subscript zero signifying that 
only the positive characteristics indicated 
by the subscripts inside the parentheses 
are involved and all others excluded. To 
point up the difference between (A) and 
Ay or between (Ni2)o and Ny, it may be 
observed that Aj: includes the following 
ultimate sets: Arzsas, 
Aims, and Ajys, whereas 
means simply A jogs. 

The summary of ultimate sets (using 
both notations this time only, to make 
clear their relations) is given in Table IT. 


TABLE II 


ULTIMATE SET FREQUENCIES FOR THE 
Data or TABLE I 


First Second Set 
Notation Notation Frequency 
Now No 2 
(Nido 3 
12385 (N: 2)0 3 
(N3)o 7 
Nras (Na)o 3 
(Ns)o 1 
Nims (Ni2)0 1 
(Nis)o 1 


And so on. 


A method to determine the positive 
characteristic frequencies Ni, Ne, 
Nx, Nu, to N 2248, applicable to 
a small number of cases, is direct counting. 
First of all, by adding the number of checks 
in each column, of Table I, we have the 
following frequencies: 


N 19 
Ne 24 
N; 23 
Ng 25 
Ns 18 
Total 109 


This total should agree with the sum of 


the figures in the totals column at the 


right. 

To find Ni, we go down the columns 
and determine in how many instances sets 
1 and 2 are found together; similarly for 
N13, Nus, and the rest. It is not difficult to 
see that this method holds the possibility 
of error. Therefore, some form of check is 
desirable. 

The procedure can be illustrated most 
simply by an example. From the figures 
in the totals column giving the number of 
sets in which each case is involved, we 
formulate Table ITI showing thefrequencies 
associated with a given number of sets. 


TABLE III 
No. of Sets Frequencies 
0 2 
1 17 
2 12 
3 10 
4 7 
5 2 
ToTaL 50 


Also from Table 1, the frequencies of the 
sets of the second order (i.e., those in- 
volving two positive characteristics) are 
found to be: 


Ny» 9 Nz; 10 9 
Nis 9 Nu 15 Nos 12 
Nu il Nes 

Nis 8 Nu 10 


7 
at 
4 
: 
a 
> 
A, 
jan 
al} 
4, 
| 
i 
eo Problems involving overlapping finite sets 527 


The sum of these figures is 
=104. Now, consider a case involving 4 
sets; such a case generates six of the above 
frequencies inasmuch as there are six ways 
in which four objects can be selected two 
at a time. Therefore the sum of second 
order frequencies on page 527 should equal 
the following: 


2 r= 20 
7 Cr= 42 
10 30 
12 12 

104 


where ,C; represents the number of com- 
binations of n things taken r at a time. 

The remaining positive characteristic 
frequencies of the third, fourth, and fifth 
orders are found to be: 


4 Nis 5 Nise 2 
Nia 7 Nove 6 3 
Niss Nos 8 = Nisas 3 
Niss 5 6 4 


and No=2. This last is the completely 
negative characteristic frequency, but is 
associated with the positive characteristic 
frequencies to form a complete set suitable 
for making calculations. 

Summing the positive characteristic 
frequencies of the various orders, we have: 


Si= >> Nie=17 
Ss= >> 
As an additional check, N should equal 
(see above): 
=2+109—104+58—17+2=50 
Positive characteristic frequencies from 


ultimate set frequencies. When the number 
of items is large, a more practical and 
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much quicker method is to find the ulti- 
mate set frequencies first and from these 
determine the positive characteristic fre- 
quencies. The procedure is illustrated for 
artificially prepared data involving four 
sets and 150 cases, shown in Table IV. 


TABLE IV 
U.tmate Ser FREQUENCIES FOR 150 ITEMs 
No 19 (Na)o -~ 15 
(Nido 9 (N2)o 10 
(N2)o 12 (Nsa)o 8 
(Ns)o 17 (Ni23)0 8 
4 (Ni2)0 8 
(Niz)o 12 (Nisa)o 3 
(Nis)o 11 6 
(Nis)o 4 (Nia) 0 4 
150 


The process of determining the positive 
characteristic frequencies will illus- 
trated for first order frequencies. To find 
N,, for example, you simply add all the 
frequencies for the ultimate sets involving 
the subscript 1. Thus, 


N,=9+12+114+4+8+8+3+4=59 

N2=12+12+15+10+8+8+6+4=75 

N4=44+44+ 


Once again, a check can be made by 
finding the sum of these first order fre- 
quencies, 253. This should equal: 


4 C\= 16 
25 75 
60 
42 42 

253 


The same procedure can be used to deter- 
mine frequencies of other orders. For ex- 
ample, to find Ni», simply add the fre- 
quencies of all ultimate sets involving 
these subscripts. Thus, 


FORMULATING SET PROBLEMS 


As should be apparent, it is not possible 
to list any numbers whatsoever as positive 
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characteristic frequencies and expect them 
to be consistent with a given array of ulti- 
mate set frequencies. For the teacher in- 
terested in making up set problems, a 
simple method can be found in the work 
that has just been carried through. It 
comes to this: 


1. Any numbers can be set down as ulti- 
mate set frequencies. 

2. We can then calculate the positive 
characteristic frequencies from these 
ultimate set frequencies. 

Ultimate set frequencies from positive 
characteristic frequencies. To determine the 
ultimate set frequencies from the positive 
characteristic frequencies and No, the fre- 
quency of the set with completely nega- 
tive characteristics, we need only reverse 
what was done in the previous section. 
First we observe that for the highest order 
given, the positive characteristic fre- 
quencies correspond to the ultimate set 
frequencies. To find a frequency of any 
lower order, we subtract from the positive 
characteristic frequency in question the 
ultimate set frequencies of higher order 
containing the same subscripts. 

The process is illustrated in the follow- 
ing example: 


Positive 

Fre- Char- 
quency acteristic Deductions 

Symbol  Fre- 

quency q 

Nie: 6 6 
N 124 8 8 
Niu 7 7 
Nos 2 2 
Nu 22 -6-8 8 
Nu 25 -6-7 12 
Nu 28 -8-7 13 
No 23 —6-2 15 
Nu 19 -8-2 9 
Nu 13 -7-2 4 
Ni 68 —6—-8-7-8-12-13 14 
N2 70 —6-8-2-8-15-9 22 
N; 62 -6-7-2-12-15-4 16 
Ni 53 -8-7-2-13-9-4 10 
No 25 25 


CHECKING CONSISTENCY IN SET DATA 


To determine whether set data are con- 
sistent, one straightforward method is to 


work back to the ultimate set frequencies. 
As was pointed out previously, these 
figures are equivalent to the original in- 
formation from which the set numbers 
were derived. It is obvious that each must 
be greater than or equal to zero. If any 
turn out to be negative, the data must be 
inconsistent. 

Where the information is given in such 
form that it is not possible to go back to 
the ultimate set frequencies, we calculate 
the quantities S;. Should any of these be 
negative, there is a lack of consistency in 
the data. 

And of course, the value for NV as deter- 
mined by the formula N=No+S,—S: 
+8S;—S,--- should agree with the given 
value. 

In the event that we are not interested 
in obtaining all the original data or ulti- 
mate set frequencies, but only some of 
them, we use special formulas suitable for 
our purpose. For example: 


(Ni2)0=Nie— DO Nit Do Naas 
ij 


i,j,k 
an ultimate set frequency in terms of the 
positive characteristic frequencies. For the 
50-item example in Table I, we have: 


(Ni2)o=9— -—2=1 
which agrees with the ultimate set fre- 
quency for this case (Case 46). It will be 


seen that this formula bears a strong re- 
semblance to the general formula 


N=Not Ni— D Nin 


OTHER PROBLEMS 


Problem. The 762 students in a given high 
school participated in extracurricular activities 
as follows: 


(1) Dramatics 25 
(2) Journalism 20 
(3) Band ; 45 
(4) Football 48 
(5) Glee Club 40 


There was a ruling in the school that no student 
might participate in more than three such ac- 
tivities. The following array indicates the com- 
binations of activities and their frequencies: 
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5 Na= Ng =5 =2 
N is = 6 Nu = 3 N 1“ = 2 
Nu = 3 Nw N = =1 
Nis = 10 Nas =3 N 12g = 


For combinations not listed the frequencies 
are zero. 

1. How many students in the school did not 
participate in any of these activities? 

2. How many had exactly one activity? 

3. How many had exactly two activities? 

Preblem. A club consisted of 235 people. It 
was found that 125 subscribed to Life, 87 to the 
Reader’s Digest and 75 to Time. A total of 45 
subscribed to none of these publications, while 
76 subscribed to at least two of them. How 
many subscribed to all three? 

These and similar problems involve such 
ideas as “at least two,” “at most two,” or 
“exactly two.” Such information can often 
be found by the methods previously dis- 
cussed, such as reconstructing the original 
data or what comes to the same thing, cal- 
culating the ultimate set frequencies. 
However, this is not always the most con- 
venient or easiest procedure. 

For convenience in handling these ideas, 
we let 

Nyu.=number of elements in at least 
two sets, 

(Ni)o=number of elements in exactly 

two sets. 


Some general relations among these 
quantities are immediately evident, such 
as: 


Nu+—Nin+ = (Nin) o 
and 


It is also evident that 
Ni,=N—No 


> (—1)*+18, 
k=l 


The following relations may be derived: 


Nuy 


k=2 
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k=3 


10S.—2087+ 


(—1)* 


In general, 
(Nr) Sr rCr— Wr +1 + R+ Sr +2 


Y 
— 


k=R 


From these formulas, we can find the 
following: 


(N1)o=Si— 20 S2+ sC 


= 


k=l 
= CS, 
k=l 


(Nin) 0o=S3— sC Sa oC Sot 


= (— 1)*+! 


k=3 


k=R 


The proof of these formulas depends on 
the following relations: 

ot sCi(Nim)o 
+4Ci(Niv)o+ 

S2=(Nir)o+ sC2(Nu) 0+ «C2(Nrv)o 
+5C2(Nvy)ot+ 

S3= (Nin) 
+6C3(Nvi)ot 

(Ni) 


a 
n 
= 
" 
: 
a 
: 
if 
5 
n 
3 
Si eee 
160 me 


From a consideration of the manner in 
which the positive characteristic frequen- 
cies are derived from the ultimate set fre- 
quencies, these relations can be seen to 
hold. 

From the above, we can formulate the 
indicated linear combinations of the S; and 
show that they reduce to the required 
values. As an example, let us take Ny. 
The proof consists in substituting the S; 
as given above into: 


and showing that the resultant expression 
reduces to 


which is the correct value of Nyy. 
After substituting, we have the follow- 
ing expression: 
Nu+= (Nix)o+ 
+ Cu] (Niv)o 
+ [sC2—2C1 Ci 
sCs](Nv)ot+ 
It can be shown that each of the coef- 
ficients is equal to unity by virtue of the 
following general combinatorial relation: 
r—-1Ck =1 
We may now return to the problems 
proposed originally in this section. For the 
first, we have 


178, S.=40, S3= 10. 

(1). The number of students engaging in 
one or other of the given activities is 
178—40+ 10= 148 

(2) The number of students not partici- 
pating in any activities is thus 

762—148=614 

(3) The number having exactly one 
activity is: 

178—80+30= 128 


(4) The number having exactly two 


activities is: 


(Nur) o=S2—3S8;=40—30= 10 


In the second problem, the given data 
are 125, N2=87, Ns=75, No=45, and 
Nu+=76. Also, N=235. We wish to find 
S;=(Nim)o. We use the following two 
relations: 


Nu+ =S,—28;3 


Substituting known values: 


76= S2—2S3 


Eliminating S; and solving for S;, we find 
that S,=21. 


And now having set up the heavy artil- 
lery, we shall throw up a few clay mos- 
quitoes which our readers may find some 
pleasure in demolishing. 


PROBLEMS 

1. In a race involving five horses, 1,324 of 
the 4,562 people attending the race abstained 
from betting. The total number of bets placed 
was 5,142 (one bet is considered to be one per- 
son wagering on one horse; if the same person 
bets on two horses, this is two bets in the mean- 
ing of this problem). No one bet on four or five 
horses in this race, while 2,142 laid money on 

just one horse. 
a) How many people bet on exactly two 


horses? 
b) How many on exactly three horses? 


2. Check the following data for consistency 
by determining the ultimate class frequencies: 


N,=64, N, =85, =72, N,=48, 
Nu =63, Ni; =37, N23 =32, = 21. 


3. A door-to-door salesman sold four arti- 
cles: (1) A, worth $20; (2) B, worth $75; (3) C, 
worth $150; (4) D, worth $200. His regular pro- 
cedure was to try to sell them in sequence from 
the less valuable to the more: valuable. After 
1,000 calls he had the following data for these 
sets: 


Ni=66, N2=45, N;=27, 
Ny=22, Nw=23, 
Nu=4, Nx=7, 
Nu =2, Nia =2. 
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How many people bought nothing from 
him? 

b) How many bought exactly one item? 

c) How many bought two items? 

d) What per cent of those who purchased 
item A bought item B, but nothing 
more? 


4. In a large family gathering, it was found 
that there were 10 more minors than adults; 
there were 12 boys, 6 married persons of the 
female sex, and 4 adult women who were not 
married. At dinner, the unmarried girls, eight in 
number, were placed at a special table. (Note: 
The terms “boys,” and “girls,”’ signify minors; 
it may also be pointed out that persons less than 
21 can be married.) If there are more persons 
of the female sex than minors at the gathering, 
what is the largest number of persons in all that 
could be present? 


5. A survey was made of a group of 983 
families to ascertain which of them had (1) an 
automobile; (2) a television set; (3) an electric 
washer; (4) a radio. It was found that no family 
was completely without such equipment; that 
481 families had at least two of these items; 345 
had at least three; and 264 had all four. 


a) How many pieces of equipment did all 983 
families have? 

b) How many families had (1) exactly one; 
(2) exactly two; (3) exactly three pieces 
of equipment? 


6. Given the following data as determined 
from a tabulation for four sets, find the positive 
characteristic frequencies. 


No=42, (Ni)o=28, (N2)0=33, 
(N3)o = 42, (N4)0 =27, (Miz) o = 15, 
(Nis)0 = 13, (N23)o=21, 
(Nu)o=13, (Nas)o=8, = 10, 
(Nizs)o=12, (Niss)o=18, 
(Nizss)o =8 


Check the results for ©Ni, 2Nij, and 
for N. 


7. In a school having a population of 537, 
all taking the academic subjects of mathemat- 
ics, English, social studies, and foreign lan- 
guage, a survey was made to determine which 
subjects the students liked. The statistics indi- 
cated a total of 172 who liked mathematics; 
225 who liked English; 235, social studies; and 
175, foreign language. A total of 57 expressed a 
liking for both mathematics and English, 63 for 
mathematics and social studies, 50 for mathe- 
matics and foreign language, 90 for English and 
social studies, 76 for English and foreign lan- 
guage, and 69 for social studies and foreign lan- 
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guage. There were 26 who liked mathematics, 
English, and social studies; 23, mathematics, 
English, and foreign language; 21, mathematics, 
social studies, and foreign language; 37, English, 
social studies, and foreign language. There were 
15 who said they likedeall four subjects. 


a) How many students liked none of these 
studies? 

b) How many did not like mathematics? 

c) What per cent of those who liked English 
did not like mathematics? 

d) What per cent of those who liked mathe- 
matics did not like English? 

e) How many liked mathematics but no 
other subject? English only? social stud- 
ies only? foreign language only? 

f) What per cent of those who liked mathe- 

matics and foreign language did not like 

English and social studies? 

What per cent of the students liked two 

or more subjects? 


g 


8. In a sampling of 1,000 people, it was 
found that 215 took at least two of four leading 
national magazines, 35 took all four, while 125 
took none. In all, 965 copies were involved. 
Check these data for consistency. 


9. A ship sailing for Hawaii had aboard 517 
passengers, of whom 87 were American women, 
45 foreign boys, 378 adults, 132 American men, 
140 foreign males, and 22 foreign girls. If there 
were 64 more Americans than foreigners aboard, 
determine the following: 


a) The number of foreign children 
b) The number of Americans 

c) The number of foreign adults 

d) The number of men 

e) The number of women 

jf) The number of foreign men 

g) The number of foreign women 

h) The number of American children 


10. Given sets Ai, As, As represented by 
circles such that A; includes areas marked 
2, 3, 5, 6; Az, areas marked, 3, 4, 5, 7; and As, 
areas marked 5, 6, 7, 8; determine what areas 
correspond to the following sets: 


a) A13; b) Ao3; c) d) At; e€) Ars; f) Ass 


11. The students in a school of 527 enroll- 
ment made a survey to determine the feelings of 
students about the top five tunes. It was found 
that none of the students was without knowl- 
edge of such and that all liked at least one of the 
numbers. A total of 325 expressed their approval 
of two or more of the selections, while 26 liked 
at least four and 4 approved all five. In all, 
there were 842 expressions of approval from the 
entire group for one or other of the numbers. 
Such was the report of the committee. Do these 
figures stand the test of consistency? 
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NELSON 8S. GRAY, Rome Free Academy, Rome, New York. 

A helpful table for the teacher who wants 
to use problems about right triangles 
and still avoid the familiar 3, 4, 5 right triangle. 


Tue PeERropic classroom tests given by 
algebra, geometry, and _ trigonometry 
teachers invariably contain drawings of 
triangles to be solved. Some students are 
confused if their solutions do not agree 
with the shape of the drawn triangle. To 
prevent constant usage of the hackneyed 
3, 4, 5 right triangle and its multiples, a 
teacher can easily form Pythagorean 
triples! which can add endless varieties of 
right triangles to the test paper and have 
the advantage that only natural numbers 
are used as sides. These natural numbers 
can be taken as integral distances easily 
measured with a triangular rule or archi- 
tect’s scale. 

In this development the following 
theorem was used.? If m and n are any 
natural numbers, m>n, without common 
factor, and not both odd, then the natural 
numbers form a primitive Pythagorean 
triple, according to the following formulas: 


c?=a?+b? (1) 
where 

a=m’?>—n? (2a) 

b=2mn (2b) 

(2c) 


1 For a previous illuminating article, see Ben 
Moshan, “Primitive Pythagorean Triples,” Tue 
Maruematics TeacHEer, November, 1959, pp. 541-545. 

2G. M. Merriman, To Discover Mathematics, 
(New York: John Wiley and Sons, Inc., 1942), pp. 
42-48, 


Right triangle construction 


Figure 1 


The table at the end of this article is a 
table of Pythagorean triples from which 
one can pick a likely triangle, measure and 
draw the hypotenuse c. To finish con- 
struction of the legs a and 6b, he can then 
draw arcs with B and A as centers, re- 
spectively, using a compass and the same 
scale used to measure c. Connecting the 
intersection of the arcs with points A and 
B forms a right triangle. 

The table is oriented for those teachers 
who wish to emphasize a certain angle, 
3°-89°, to the nearest degree. The Za 
represents the angle between side b and 
hypotenuse c in all cases except those in 
which the Za was interchanged with its 
complement Z8, for the sake of condens- 
ing the table. All interchanged angles are 
in italics. 

These triples represent the smallest nat- 
ural numbers under 1,000 (for easy scale 
reading) which can be taken as the sides of 
right triangles whose interior angles are 
measured to the nearest degree. 
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An auxiliary table is included in the 
table, namely h, the altitude on the hy- 
potenuse of the right triangle, and d, the 
distance of the foot of the altitude from 
the vertex of the Z a. Since Z a is measured 
to the nearest degree, slight discrepancies 
are bound to creep in (e.g., h should be 
equal to d for 245°), but for the purposes 
of these triangles these errors are not 
critical. This article is designed to help the 
classroom teacher in mathematics make 
rather accurate diagrams on classroom 
tests, and add his own spice of variety to 
these tests. The table may be used as a 
permanent reference by those teachers 
who need a ready, easily measured triangle. 


SOME INTERESTING RELATIONSHIPS 
Many interesting relationships came up 
in this study, most of them in the deriva- 
tion of formulas. For example, a relation- 
ship between m/n and the angle a was 
needed to reduce the number of calcula- 
tions. This was the result. 


If b=2mn and c=m’?+n’, then 


c 
mn 


mn 


b 2mn 2 


) 


29 
But, referring to Figure 1, we see that 


c 
— =—— =set a 
b cosa 29 


g°>+1=29 sec a 


g?—2g sec a+1=0. 


This equation is now in the form 
Az?+Brx+C=0. We can use the quad- 


ratic formula 


—B+/B*—4AC 
where x=g, A=+1, B=—2 see a, and 
C=+1. 
Substituting, we get 


— (—2 sec a) + /(—2seca)?—4(+1)(+1) 
2(+1) 


+2 sec at+V/4 sec? a—4 
2 


2 sec at V/4(sec? a—1) 
2 

Since tan* a=sec? 

m/n=sec a+tan a. 


(Reject negative root.) 


m 
In —=In (see a+tan a) = 
n 


sec tdt 
0 


m 
—=exp f sec tdt. (4b) 
0 


n 


iquations 4a and 4b are interesting 
facts but have no bearing on finding a 
direct relationship between a single func- 
tion of a and m/n. 

Since 


sec a+tan a=m/n, 


1 sna m 


cosa cosa mn 
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l+sina m 


COS @ n 


This is a convenient function if we use 
a=90°—£. This leads to 


cos (90° — 8) 


I1+cos8 m 


sin B n 
Since 


1+ cos 
———-= cot — 
sin B 2 


then 


1 m 
— B=Arecot —» and 
9 n 


B=2 Are cot m/n. (5) 


Equation (5) became the formula used to 
find the angles in the table. 


Values of m and n were placed in a table 
such as the one above in accordance 
with the basic theory (either m or n must 
be odd, m greater than n, no common fac- 
tors). From a standard trigonometric 


table, one must find the angle whose co- 
tangent is equal to the ratio m/n, and 
multiply the result by two. This result is 
the angle 6. The complement of angle 8 is 
the angle a. 

Two interesting relationships developed 
while finding the altitude A and the dis- 
tance d. Referring to Figure 1, it may be 
seen that b is a mean proportional between 
c and d, or 


d=— 
c 


Therefore, d=b cos a. 

To find h as a function of the sides a, b, 
and ¢, find two expressions with h and a as 
mean proportionals. 


(7) 


h?=ed 


Substituting formulas (6) and (8) into 
equation (7), we obtain 
a 


h? = —-— 


c 


ab 
h=—=a cos a. 
c 


A check on the calculations made comes 
when we again consider equation (3): 


m/n=sec a+tan a 


ct+a 


m 
n 


c 
b 
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b* 
cot B=—» 
2 
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c 
m m/n 
2 2.00 
4 4.00 —_ 
4 1.33 
5 2.50 
5 1.25 or 
6 6.00 
6 2.00 
6 1.20 
7 3.50 
1.75 
al 


TABLE OF PYTHAGOREAN TRIPLES 
(a) (b) (c) b/c h=ab/e d=b?/c 6 in 


ain 
m?+n? cosa acosa bcosa degrees 


degrees m m/n m?—n? 2mn 


543.0 87 
363 .0 86 
219. 85 
179. 84 
143. 83 
111 82 

83 


© 


3 5 .0625 33 545 .99817 
.0769 27 365 .99726 
.1000 21 221 .99548 
lll 19 181 .99448 
.1250 145 .99310 
.1428 113 .99115 
. 1667 . 98824 
. 2000 .98361 
.0000 . 19802 
2308 .97882 
2500 .97561 
.0000 .24616 
3000 . 96654 
3333 : . 96000 
5000 . 80058 


NUM 


.3750 .95135 
.0000 $2432 
4286 .93960 
5000 35200 
2500 36761 
5000 .92308 
6667 20: 40976 
5000 423538 
6000 89888 
6250 .89270 


onwoe 


Art Or Owe = 
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tes) 


23 
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0000 .47059 
7143 .87047 


7500 49793 
7500 5 .86154 


5000 .52830 
3333 -55046 
2500 .66216 
2000 .56940 
1111 -58266 
0000 .80000 
.8750 .62057 
8000 638348 
7500 64234 
6667 65753 
2500 ‘ .74227 
2857 .73443 
5000 .68966 
.4000 .71006 


ou WON 


to 
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76 
75 
74 
68 
9 
64 
2 8 63 
28 4 
ip 31 7 
57 
40 11 
9 
48 
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THE MATHEMATICAL professions are now 
devoting a great deal of attention to the 
curriculum in the grades: there are the 
programs of the Commission on Mathe- 
matics of the College Entrance Board, 
the School Mathematics Study Group 
(SMSG), and the University of Illinois 
Examination Committee on School Math- 
ematics, to name a few. It is a good time to 
look at our problems in perspective and 
ask what we hope to accomplish in the 
lower curriculum for the purpose of direct- 
ing the evolution of that curriculum. 

In the grades we should try to build the 
broadest possible base of concrete experi- 
ence for the student’s later development in 
technology, science, philosophy, and math- 
ematics itself. The student’s development 
is not to be aimed at any specialty; he is 
to seek a foundation of learning which will 
enable him to move in any direction ac- 
cording to his abilities and tastes. The 
particular problem of today’s discussion is 
so deeply related to this general concep- 
tion of the curriculum that we may well 
analyze it to set up more specific guides for 
thought. 

Before we seek to direct the evolution of 
the present curriculum, we must ask in 
what respects it fails. The criticism of 


* Presented at the joint meeting of the Mathemati- 
cal Association of America and The National Council 
of Teachers of Mathematics, Chicago, [Illinois, 
January 30, 1960. 


Remarks on the teaching of calculus 
in the secondary school" 


ALBERT A. BLANK, New York University Institute 
of Mathematical Sciences, New York, New York. 
What mathematics should be offered to students in the twelfth grade? 


mathematics as it is now commonly 
taught falls primarily under two headings, 
which I shall call “liberal” and “techni- 
ceal.”’ The liberal objections are that the 
teaching of mathematics is too dogmatic; 
too much devoted to rule-of-thumb and 
memorization, too little devoted to intui- 
tion, argument, reason, and deduction. 
The technical objections are primarily that 
the student is not prepared for an early 
entrance into the sciences, but also that 
such preparation as he has is poorly di- 
gested and not seen in relation to the 
problems to which it applies. The experi- 
enced teacher knows well that these 
objections are linked and that he will do 
better in trying to meet both classes of 
criticism simultaneously than one alone. 
What better way of imparting the in- 
tuitiveness and rationality of mathemati- 
cal principles than by the ample develop- 
ment of interesting applications to the 
sciences and to other mathematics? What 
better way of teaching the values of 
mathematical formalism and deduction 
than by applying these methods to a prob- 
lem for which the solution could hardly be 
foreseen by a naive intelligence? 

Turning to specific possibilities, it is 
easy to see how the teaching of arithmetic 
in the elementary grades could be in- 
formed and unified, most notably by the 
gradual introduction of the literal sym- 
bolism of algebra, perhaps beginning in 
the fourth grade, proceeding in gentle 
stages so that at the end of the sixth grade 
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the idea of arithmetical operations with 
literal symbols is as familiar as the process 
of counting. The applicability and interest 
of primary mathematics would be greatly 
enhanced thereby without prohibitive 
effort. 

In looking to the future secondary cur- 
riculum, let us first take note of the fact 
that we may hope for a certain amount of 
extra freedom. The mathematics taught in 
grades 7 and 8 is being examined. The end- 
less calculation of percentages, so dull to 
teacher and student alike, may well be re- 
placed by a course containing some num- 
ber theory, intuitive algebra, and intuitive 
geometry. The SMSG texts for the junior 
high school years represent a welcome step 
in that direction. If this change finds 
general acceptance (and I think we ought 
to push hard for it), then by careful 
planning we may have the gift of an extra 
high school year to devote to instruction 
beyond the present level. Let me assume 
that the evolution of the curriculum is 
pushed in that direction and treat the gift 
of that extra year as though it will become 
fact. 

To formulate our ideals in terms of a 
concrete objective for a universal second- 
ary curriculum, we must at least consider 
the various demands of society outside the 
profession. In the physical sciences and in 
engineering, there is widespread sentiment 
for a curriculum which prepares for the 
calculus in the freshman college year, or 
better, a curriculum which terminates 
with calculus. Even in the natural sciences 
and the social studies the preferred back- 
ground is the calculus. In business man- 
agement and economics, for example, the 
calculus is valued not least for the fact that 
it provides the language for the formula- 
tion of a large class of problems. There is 
no need to amplify on the role of the cal- 
culus in the training of every mathema- 
tician. The traditional curriculum up 
through analytic geometry is clearly 
adaptable to this need, although there 
surely will be certain modifications in de- 
tail. The preparation for the calculus 


could be accomplished by the end of the 
third year of senior high school, pointing 
to a quite definite subject matter which 
we may hope by degrees to make into the 
standard curriculum for grades 7 through 
11. All of this leads to the question of what 
we shall offer to those students who are 
energetic enough to elect another year of 
mathematics in grade 12. 

It is of course, calculus, and a full year 
of it, that I propose as the proper matter 
for grade 12. There is no other subject 
which so suitably rounds out the elemen- 
tary curriculum. The concepts, methods 
and skills developed in the earlier subjects 
find application in an interesting and 
meaningful way so that the student’s mas- 
tery of his earlier learning is strengthened. 
In its manipulative and problem-solving 
aspects, too, the calculus is very close to 
the spirit of secondary school mathemat- 
ics. The student is brought to the thresh- 
old of higher mathematics, physics, engi- 
neering, and a wealth of other applications. 
He has only to open the door and walk in. 

Why not something else? Why not prob- 
ability and statistics, or an introduction to 
modern algebra, or a semester on elemen- 
tary functions followed by a semester of 
linear algebra? Stripped of detail, my 
answer is simply that the calculus provides 
that broadest possible base of experience 
for the student’s later development which 
we seek. Hardly a branch of science, tech- 
nology, and even social science fails to 
benefit from the application of the con- 
cepts of the calculus, often in matters of 
fundamental significance. The calculus 
plays a profound role in the intellectual 
and practical affairs of men, either di- 
rectly, or implicitly as part of the neces- 
sary background in the development of 
other knowledge. There is no need to em- 
phasize the central role the concepts of the 
calculus play in all the later ramifications 
of higher mathematics. 

So far, I have only presented an ideal. 
Now for the practicalities! What kind of 
calculus course is it to be? Where are the 
teachers to be found? Where are the texts? 
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How will the colleges treat the new crop of 
students? In fact, can their high school 
preparation in caleulus be considered ade- 
quate for advanced standing? Isn’t it 
really impractical to propose such a drastic 
reorganization of high school mathe- 
matics? 

Let me emphasize that no drastic im- 
mediate reorganization is proposed. The 
curriculum we are discussing is to be the 
culmination of a period of planned evolu- 
tion. There are high schools teaching cal- 
culus now. There will be more. It is not 
enough to leave the development to 
chance, however. We should seek to have 
such a curriculum in the larger schools in 
five years, and to have it generally in a 
decade. It is important to set fixed goals 
like these and plan in these terms; other- 
wise the objectives will be lost through in- 
action or indirection. Once we accept an 
evolutionary development the rest does 
not seem so difficult. 

In the first place, the present education 
of our teachers makes it more likely that 
they have had the calculus than any of the 
alternatives commonly proposed; it does 
not seem unreasonable to presuppose that 
the present ranks will be adequate to sup- 
ply the immediate need while new re- 
cruits are trained. It ought to be added 
that the teachers of high school mathe- 
matics fee! more qualified to teach the cal- 
culus © topics from the calculus than any 
of the proposed alternatives. Texts exist— 
not many good ones, but if the program 
meets acceptance, new ones will be written. 
I should hope that the introduction of the 
calculus will in time provide a general ele- 
vation of the curriculum so that the pres- 
ent mountainous accumulation of mere- 
tricious texts would be supplanted. I 
should expect that the training of teachers 
of mathematics would also undergo gen- 
eral improvement. Again, these are mat- 
ters which cannot be left to chance; we 
shall have to work hard to attain those 
ends. 

The course itself I envision as being in 
the best secondary school tradition. It 


would be essentially an intuitive calculus, 
foregoing a precise epsilontic statement of 
the concept of limit, for example. How- 
ever, the student should be able to obtain 
clear insights into certain proofs; and even 
though he may not be able to complete 
the punctuation of a proof, he can be made 
aware that it is possible and desirable to 
do so. It is more important that he have 
a keen feeling for the basic concepts and 
their applicability and be able to formulate 
problems in terms of these concepts. A 
heightened appreciation of the necessity 
for precision of statement and logical rea- 
soning can only be obtained for most people 
after the amassing of considerable detailed 
experience. Rigor may reasonably be left 
to the colleges. In England, it is done that 
way. 

The colleges may be reluctant to im- 
mediately admit the high school students 
with this four year training to their more 
advanced courses. The question can easily 
be settled by means of a qualifying exami- 
nation or personal interview. A student 
who is admitted with advanced standing 
should expect and receive a calculus 
course in which the need for a more careful 
development is demonstrated and met. 

Incidentally, this program should not 
be conceived as being only for the college- 
bound. Each student should be led as far 
along the road as is reasonably possible. 
Each stage mastered will multiply his op- 
portunities in this highly technical culture. 
Good advisory service is certainly needed 
here. 

I must say, I look forward with relish 
to the prospect of having students of the 
new era in my classes. 

To conclude I should like to borrow 
some words from E. H. Moore dating back 
to the turn of the century: “Will not the 
twentieth century find it possible to give 
to young students during their impression- 
able years in thoroughly concrete and 
captivating form the wonderful new no- 
tions of the seventeenth century?” We 
have forty years to go. Let’s try to make 
it in ten. 
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An interesting problem 
involving indeterminate equations 


JESSE C. LEWIS, Jackson State College, Jackson, Mississippi. 


In this simple but intriguing example 


the domain of the variables is the set of positive integers and zero. 


GIVEN ONE equation involving two vari- 
ables, x and y, it is clear that by ascribing 
any value we please to z, we can obtain a 
corresponding value for y; thus the equa- 
tion has an infinite number of solutions. 
However, for many problems it is often 
clear from the nature of the problem that 
the solutions must be positive integers; 
with this restriction, as we shall see later, 
the number of solutions is limited. 

If the number of variables is greater 
than the number of independent equa- 
tions, there will be an unlimited number of 
solutions, and the equations are said to be 
indeterminate. The problem discussed in 
this article will involve only the simplest 
kind of indeterminate equations and will 
allow us to confine our attention to zero 
and positive integral values of the vari- 
ables. It will be seen that this restriction 
enables us to express the solutions in a 
very simple form. 

Suppose the following problem were pro- 
posed for solution: 

Find all the ways a dollar can be 
changed into 21 pieces (coins). 

Let P be the number of pennies, N the 
number of nickels, D the number of dimes, 
Q the number of quarters, and H the 
number of half dollars. 

We can derive two independent equa- 
tions from the problem. So let us begin by 
changing the dollar into 21 pieces using 
only pennies, nickles, and dimes. Thus we 
have 


P+5N+10D=100, (1) 
P+N+D= 21. (2) 


Subtracting (2) from (1), we have 
4N+9D=79. 
Divide throughout by 4, the smallest co- 
efficient; thus 
D-3 
N+2D+ =19. (3) 


Since N and D are to be integers, we 
must have 


D=3 . 
——-= integer; 
4 


let us call this integer x, and write 


D-3 
4 
therefore 


D-—3=42, 


D=42+3. (4) 
Substituting this value of D in (3), 
N+8r+6+2=19; 


that is, 
N=13-—9c. (5) 


If in these results we give to x any inte- 
gral value, we obtain corresponding inte- 
gral values of N and D; using these values 
in (1) or (2), we get an integral value for 
P. But if x is greater than 1, we see from 
(5) that N is negative; and if z is a nega- 
tive integer, D is negative. Thus the only 
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positive integral values of N and D are ob- 
tained by putting «=0, 1. 

The complete solution may be exhibited 
as follows: 


To find the solutions involving quarters, 
dimes, nickels, and pennies, we proceed as 
follows: 

Given one quarter, the problem reduces 
changing 75 cents into 20 pieces. Thus we 

‘have 


P+5N+10D=75, (1) 
P+N+D=20. (2) 


Subtracting (2) from (1), we have 


4N+9D=55. 


Dividing throughout by 4, we have 


D-3 
=13. (3) 


Since N and D are to be integers, we 
must have 


D-3 


= integer, say 


therefore 


D-—3=4z, ' 


or 


D=42r+3. 


Substituting this value of D in (3), we 
have 


The only positive integral value of N 
and D is obtained by setting z=0. Thus 
we exhibited the complete solution: 


Given two quarters, the equations are: 
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P+5N+10D=50, (1) 
P+N+D=19. (2) 
Subtracting (2) from (1), we have 
4N+9D=31. 
Dividing by 4, we have 


D-3 
(3) 
As before, we must have 
D-3 
= integer, 7; 
therefore 
D-—3=42, 
or 
D=42+3. 


Substituting this value of D in (3), we 
have 


N=1-92. 

The only positive integral value of NV 
and D is obtained by setting e=0. There- 
fore the complete solution is 
P 


15 | 


x 
0 


Given one half dollar and one quarter, 
the two independent equations are: 

P+5N+10D =235, (1) 

P+N+D=19. (2) 


Subtracting (2) from (1) and dividing 
by 4, we have 


D-3 
N+2D+——=1. 


Since 
D-3 
N,2D, and 
4 
are to be positive integers, their sum can- 
not be equal to one. Therefore we conclude 
that there is no solution involving both a 
quarter and a half dollar. 


x | P|N|D 
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To obtain the fifth and final solution, 
we assume one half dollar and write: 


P+5N+10D=50, (1) 

P+N+D=20. (2) 

Subtracting (2) from (1) and dividing 
by 4, we have 

N+2D+ 


D—2 7 (3) 
4 . 


Again we must have 


D-2 . 
= integer, 7; 


therefore 
D=42+2. 


Substituting this value of D in (3), we 
have 


N=3-—92. 


Setting z=0 gives the only solution, 
exhibited as follows: 


Have you read? 


Ore, OysTEIN, “Pascal and the Invention of 
Probability Theory,” The American Mathe- 
matical Monthly, May 1960, pp. 409-419. 


As you introduce the topic of probability to 
your students, have them read this very readable 
article. It brings out the interesting personal 
relationship that existed between De Mire, the 
prominent humanitarian of the court of Louis 
XIV, and Pascal. It relates how they traveled 
together and discussed mathematics. You will be 
interested to note how De Mire takes the credit 
for starting Pascal on the road to fame in the 
field of probability. The article corrects previous 
concepts as to why De Mire wanted Pascal to 
help him establish the number of throws of dice 
needed for an advantageous proposition. Pascal’s 
letter to Fermat, as quoted in this article, also 
raises some interesting questions. 

The second problem De Mire proposed is the 
division problem, that is, division of prize 
money if a program is closed before completion. 

This is an article you shouldn’t miss because 
it gives a brief but lucid account of the environ- 
ment in which a whole new branch of mathe- 
matics developed.—Pui.ip Peak, Indiana Uni- 
versity, Bloomington, Indiana. 


TELLER, Epwarp, ‘‘We’re Losing by Inches, by 
Feet, by Yards,’’ This Week Magazine, May 
15, 1960, pp. 6-7, 34-36. 


Measurement involves the lives of each of 
us; therefore, your students will be interested in 
this article which is a plea for the metric system. 
Is the metric system Russia’s biggest weapon? 
Does the metric system enable engineers and 
scientists to speak the same language? Can stu- 
dents in Russian schools learn more because the 
system is more efficient? Is the American school- 
boy prevented from seeing the relation between 


length, area and volume because of our non- 
systematic system of measure? Will we lose the 
economic battle because of measurement? These 
and many other questions are raised and dis- 
cussed. You will be interested in the pictures 
and historical material as well as the prediction 
of how long it will take to make the change to the 
metric system. Read the article and draw your 
own conclusion.—Puiuie Peak, Indiana Uni- 
versity, Bloomington, Indiana. 


VocE.!, Bruce R. ‘Recent Revisions in Soviet 
Mathematics Education,” School Science and 
Mathematics, June 1960, pp. 425-438. 


You have heard and read all types of reports 
as to just what is being taught in the mathe- 
matics programs of Russia. This article is short, 
to the point, and yet reasonably complete. The 
impact of the 1958 change is considered, major 
topics in mathematics are given for each type of 
school, and the difference between the old 10- 
year school and the new 11-year school is pointed 
out. 

You will note that the total time spent on 
mathematics is over 2,000 hours or 17% of the 
student’s time, that trigonometry is subsumed 
in other topics in the new program, that ap- 
proximate computation is included, and that 
topics in solid geometry have been placed in 
plane geometry but not integrated with it. In 
general, pupils begin the study of both algebra 
and geometry simultaneously in grade 7. The 
revisions taking place reflect emphasis on poly- 
technic work and on concrete applications. 

To bring yourself up to date on mathematics 
in Russia, you should read this article and the 
one preceding it in the April issue of School 
Science and Mathematics, ‘“Elementary Mathe- 
matics Program in Perak, 
Indiana University, Bloomington, Indiana. 
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Teaching seventh grade mathematics 


by television 


JAMES N. JACOBS and JOAN BOLLENBACHER, 

Cincinnati Public Schools, Cincinnati, Ohio. 

How does instruction in mathematics by television 

compare with mathematics instruction in the conventional classroom? 


INTRODUCTION 


How bogs instruction in mathematics by 
television compare with mathematics in- 
struction given in the conventional class- 
room? Can television be used as a tech- 
nique of in-service growth? Is there a dif- 
ferential in the effectiveness of television 
instruction upon varying levels of pupil 
ability? This study represents an attempt 
to pursue these problems within an experi- 
mental framework. 

This experiment represents the first use 
of instructional television in the teaching 
of mathematics in the Cincinnati public 
schools. Teaching mathematics differs 
rather significantly from teaching many 
other subjects, in that successive learnings 
depend to a large extent upon past learn- 
ings. The area of science, in contrast, may 
be taught within several rather independ- 
ent units. If a pupil fails to understand the 
content of one unit, he may to a large ex- 
tent start afresh in another unit of science. 
The importance of mastering previous 
content is therefore emphasized in the 
teaching of mathematics. 

Also, in relation to teaching science by 
television, teaching mathematics by tele- 
vision is less attractive in that only a few 
of the distinguishing characteristics of in- 
structional television can be utilized. For 
example, the range of visuals that may be 
used in science to stimulate and to aid in 
the learning process is greater than it is in 
mathematics. The ‘use of television in 


teaching mathematics, however, does per- 
mit the use of an outstanding teacher.* 

An important aspect of this experiment 
is its attempt to determine whether a sig- 
nificant amount of in-service teacher 
growth has occurred as a result of a class- 
room teacher viewing the televised lessons. 
Due to the difficulty of measuring teacher 
growth directly, this measurement was in- 
ferred by the achievement of the pupils 
taught by the teacher. Admittedly, there 
are many limitations in this approach; 
however, its attractiveness lies in its ob- 
jectivity and its amenability to measure- 
ment. 


DESCRIPTION 


In this experiment, a full year of instruc- 
tion by television was offered. All telecasts 
were live presentations. Lessons were pre- 
sented Monday, Wednesday, and Friday 
of each week for a period of 20 minutes. 
Each telecast was followed by 30 minutes 
of follow-up and discussion. On a weekly 
basis, therefore, 60 minutes of television 
instruction was presented in addition to 
190 minutes of regular classroom instruc- 
tion. Thus, 24 per cent of the total in- 
structional time was devoted to television 
instruction. 


* The television teacher in this experiment was 
Miss Marlene Beigel. She was capably guided in her 
efforts by Miss Mildred Keiffer and Mrs. Sarah Green- 
holz, supervisors of mathematics for the Cincinnati 
public schools. 
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The full year’s program of instruction 
covered the following units: 


NUMBER OF 
LESSONS 


Whole numbers 5 
Common fractions 20 
Decimal fractions 15 
Per cent 21 
Number systems 7 
Measurement 20 
Informal geometry 17 
Graphs 13 
Social arithmetic 17 
Review 6 


Total 141 


Unit 


DESIGN OF THE EXPERIMENT 


There are fifteen schools in the Cin- 
cinnati system where seventh grade math- 
ematics is taught. Nine schools representa- 
tive of the total were selected to partici- 
pate in the experiment. Since classes are 
sectioned on the basis of pupil ability, 
principals were asked to select three classes 
adjacent to one another on a ranked list 
of the various class sections and repre- 
senting an average of their school popu- 
lation. 

A description of the three classes within 
each of the nine schools is as follows: 

Class 1 (£:). These classes are experimental 
classes represented by pupils 
taught partially by television 
along with a classroom teacher. 

Class 2 (C:). These classes are control classes 
represented by pupils who did not 
view television but who were 
taught by the same teacher serv- 
ing Fi. 

Class 3 (C2). These classes are control classes 
represented by pupils who did not 
view television and who were 
taught by some teacher other 
than the Fi, Ci teacher. 


The three classes described above for 
cach school were assigned randomly to one 
of the three treatment classifications, i.e., 
Ci, or C2. After all administrative de- 
cisions regarding homogeneous groupings 
had been made, the £;, C; teacher and 
the C, teacher were matched on the basis 
of teaching ability by the supervisors of 
mathematics. The same instructional con- 
tent was followed by both experimental 
and control groups. 


After all classes in the experiment were 
assigned, the mean IQ of all three classes 
within each of the nine schools was com- 
puted. The three schools with the highest 
mean IQ’s were pooled and arbitrarily 
classified as above average in ability. The 
three schools with the next highest mean 
1Q’s were pooled and arbitrarily classified 
as average in ability. The remaining three 
schools were arbitrarily designated as be- 
low average in ability. 

The Sequential Test of Educational 
Progress, Mathematics, Level 3A, was 
used as the final criterion measure of 
achievement. Mental ability as reflected 
by intelligence test scores served as a basis 
for the use of the covariance technique. 
The intelligence test used was the Lorge- 
Thorndike Intelligence Test, Verbal, Level 
3A. All tests were administered by trained 
examiners. 


METHODOLOGY 


The methods of covariance analysis 
were applied to the data in order to adjust 
for initial levels of mental ability. It 
should be made clear at this point, how- 
ever, that the covariable of mental ability 
was studied not only for purposes of 
making adjustments in the final criterion 
means, but also in order to study the rela- 
tionship between mental ability and the 
effectiveness of the methods of instruction. 
As indicated earlier, the three schools 
representing the highest mean ability level 
were pooled and arbitrarily classified as 
above average. A similar process was used 
for the average and below-average ability 
classifications. Homogeneity of variance 
and regression was established in order to 
insure the legitimacy of pooling. Subse- 
quently the data were handled through a 
two-way classification of methods and 
ability levels. Since the number of pupils 
constituting each of the nine treatment 
classifications differed somewhat, the mean 
square for means was multiplied by the 
harmonic mean of the numbers in the 
treatment classifications so comparison 
with the within-groups error mean square 
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TABLE 1 


AvEeRAGE IQ Scores DERIVED FROM THE LORGE-THORNDIKE VERBAL INTELLIGENCE TEST FOR 
THE EXPERIMENTAL AND CONTROL CLASSES IN THE SEVENTH GRADE MATHEMATICS 
TELEVISION EXPERIMENT 


Ability Level 


Methods Averages Total 
Group 
N E,* N N N Average 


Above average 84 107.17 97 
Average 93 108 .65 84 
Below average 81 91.48 71 

Total 258 102.78 252 


112.03 83 113.08 264 110.81 
103.54 84 96 .23 261 103.00 
94.56 67 93.88 219 93.21 


101.53 102.89 


* For definition of these symbols, see page 544. 


could be made. Finally, tests for homo- 
geneous regression and variance were 
made, followed by a test for interaction 
between methods and ability levels. 


RESULTS 


The mean IQ’s for the nine treatment 
classifications are shown in Table 1. 

Inspection of the IQ means in Table 1 
indicates the basis for the three ability 
level classifications; the mean IQ's for the 
above average, average, and below average 
ability levels are 110.81, 103.00, and 93.21, 
respectively. It is a chance variation in 
sampling that the above average FE, group 
has a lower mean IQ than the average EF; 
group. While the IQ means differs some- 
what within levels and within the methods 
classifications, there are no a priori reasons 
for believing that a bias due to uncon- 
trolled variables does exist. This does not 


TABLE 2 


preclude the possibility, however, that a 
bias could be present. 

The average final criterion scores made 
by each of the nine classifications of pupils 
on the STEP, Mathematics, Level 3A, are 
shown in Table 2. 

The first step in the analysis of these 
data was to compute the regression co- 
efficients for each of the nine treatment 
classifications. These regression coefficients 
ranged from .1811 to .6322 with 7 out of 
these 9 coefficients being between .22 and 
Al. The highest regression coefficient oc- 
curred within the above average C2 classi- 
fication. The test for the hypothesis of 
homogeneous regression produced an F 
ratio of 1.91, d.f. 8, 727. The hypothesis 
of homogeneous regression was, therefore, 
accepted as tenable. 

The hypothesis of no significant inter- 
action effects was tested and subsequently 


AVERAGE Scores DERIVED FROM THE SEQUENTIAL TEsT oF EDUCATIONAL PROGRESS FOR 
Maruematics, Form 3A, ror THE EXPERIMENTAL AND CONTROL CLASSES IN THE SEVENTH 


Grape MaTueMAtTics TELEVISION EXPERIMENT 


Ability Level 


Methods Averages Total 
Group 
N Ey N C1 N C: N Average 


Above average 84 

Average 93 66.16 84 

Below average 81 55.36 71 
Total 


71.58 83 72.24 264 70.58 
61.02 84 57.80 261 61.81 
55.37 67 54.91 219 55.22 


744 62.98 
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TABLE 3 


Apsustep Means, MEAN DIFFERENCES, AND SIGNIFICANCE OF MEAN DIFFERENCES AMONG 
I.XPERIMENTAL AND CONTROL CLASSES IN THE SEVENTH GRADE MATHEMATICS 


TELEVISION EXPERIMENT 


Abilitu Level 


Adjusted Methods Averages 


Mean Differences 


E,-C; 


Above average 

Average 64. 

Below average 59. 
Total 63.10 


60.80 
58.18 
63 .02 


* Difference significant at 5 per cent level. 


rejected at the 5 per cent level of sig- 
nificance. ‘The source of this significant 
interaction may be seen clearly in Table 3 
which presents the adjusted means for 
sach of the nine treatment classifications 
using the common within-groups regres- 
sion coefficient. 

The adjusted means shown in Table 3 
were adjusted at the mean IQ of all groups, 
i.e., 1Q 102.89. All the comparisons shown 
in Table 3, therefore, are made holding 
mental ability constant. Inspection of the 
mean difference columns points up clearly 
that the vs. C; and the F, vs. C2, com- 
parisons represent the sources of the sig- 
nificant interaction. The differences be- 
tween the C; and C2 comparisons are not 
only similar but lack significance as far as 
over-all difference is concerned. The latter 
comparisons indicate a lack of significant 
in-service teacher growth as reflected by 
pupil achievement. 

In determining the significance of dif- 
ference in mean differences, the critical 
difference was calculated at the 5 per cent 
level of significance. This critical difference 
was 2.77. The critical difference of 2.77 
indicates simply that any difference below 
this figure may be due to sampling error 
in more than 5 times out of 100, while 
any difference equal to or exceeding 2.77 
could be due to chance in 5 or less than 5 
times out of 100. Four differences in 
Table 3 exceed the critical difference. All 
of these differences involve FE, in the com- 
parison. Furthermore, all differences are 


—3.17* 
+4.17* 
+1.26 
+ .58 


seen to occur in the above average and 
average ability level classifications. 

These data indicate that both control 
methods of instruction were significantly 
more effective than the television method 
of instruction for classes of above average 
ability. Conversely, the television method 
of instruction is seen to be significantly 
more effective than the control methods of 
instruction for classes of average ability. 
At below average ability level, differences 
lack significance at the 5 per cent level. 

In order to obtain a clearer picture of the 
data shown in Table 3, Figure | is pre- 
sented. Figure 1 graphically represents the 
mean criterion score at each of the three 
levels adjusted at the mean IQ correspond- 
ing to each of the three ability levels, re- 
spectively. The means shown in Figure 1 
differ from those shown in Table 3 simply 
because comparisons are made at each of 
three different IQ levels. The relationships 
in terms of differences, however, are 
exactly the same. 

The proximity of the Ci, C2 regression 
lines reflects the lack of significant dif- 
ferences among these groups, whereas the 
distance between the and C2 regres- 
sion lines at the mean IQ of the average 
and above average classifications reflects 
the source of the significant interaction. 
The proximity of the three methods means’ 
at the mean IQ of the below average classi- 
fication reflects the lack of significant dif- 
ferences among methods means at the 
below-average ability level. 
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LORGE-THORNDIKE INTELLIGENCE 
TEST SCORES 
Figure 1 


Criterion Test Means Adjusted in Relation 
to Mean Intelligence Test Scores for Below 
Average, Average, and Above Average Ability 
Levels for the Television and Non-Television 
Classes in the Seventh Grade 
Mathematics Experiment 


DiscUSSION AND CONCLUSIONS 

The level of instruction by television in 
this experiment obviously was not directed 
toward the pupil of above average ability. 
It will be noted that at the above average 
level, the differences favored the C,; group 
by 2.87 points and the C2 group by 3.17 
points. Television instruction would ap- 
pear, however, to have been directed 
toward the pupil of average ability, as in- 
dicated by the difference of 3.42 for the 
E, vs. C; comparison and the difference of 
4.17 for the vs. comparison, both 
differences favoring the television method. 

Since television instruction was directed 
toward and benefited most the average 
ability pupil and appeared to be too 
slow for the above average ability pupil, 
one may question why the results did not 
indicate that the television method was 
not too fast for the below average ability 
pupil. One possible explanation for this 
asymmetry is that the above average 
ability pupil may be more sensitive to 
varied methods of instruction. The lack of 
significant difference between the C; and 


C: comparison at each of the three ability 
levels should not be interpreted as neces- 
sarily meaning a total absence of classroom 
teacher growth as a result of viewing the 
series of telecasts. It is possible, for exam- 
ple, that better teaching resulted without 
being reflected through pupil achievement 
on the criterion test. Perhaps it is neces- 
sary for teachers to be exposed to tele- 
vision for more than one year before a 
significant amount of in-service teacher 
growth is reflected in higher pupil achieve- 
ment. 

The close proximity of the C,, C2 regres- 
sion lines helped to establish reliability 
when comparisons were made with the ex- 
perimental television groups. 

The conclusions of these experiments 
may be described as follows: 


1. Significant interaction effects were 
noted between levels of pupil ability 
and methods of instruction. 

2. At the high ability level, performance 
was significantly in favor of the con- 
ventional classroom method of instruc- 
tion, while at the average ability level, 
performance was significantly in favor 
of the television method of instruction. 
At the below average ability level, no 
significant difference between methods 
of instruction was found. 

3. There was no significant difference at 
any of the three ability levels among 
pupils taught by teachers who did and 
did not view television. Using pupil 
achievement as the criterion, therefore, 
it appears that there was no significant 
in-service teacher growth noted as a re- 
sult of teachers viewing the televised 
lessons. 

4. The absolute differences between meth- 
ods of instruction are greater from the 
average to the above average ability 
classifications than they are from the 
below average to average ability classi- 
fications, indicating asymmetry in 
terms of the relation between the ef- 
fectiveness of methods of instruction 
and levels of pupil ability. 
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How to make mathematics more attractive’ 


H. M. DADOURIAN, Trinity College, Hartford, Connecticut. 
Some suggestions for the teacher who is attempting to help his students 
find mathematics as interesting as he does himself. 


THE REACTION of the student to the study 
of mathematics depends on the student 
himself and the totality of hisenvironment, 
past and present. However, in this dis- 
cussion we are interested only in that part 
of the environment created by the presen- 
tation of the subject in textbooks and in 
the classroom. 

After many years of classroom experi- 
ence and observation, I ascribe the 
troubles some students have with mathe- 
matics to four sources: 

1. The average student’s notion that 
the study of mathematics requires a spe- 
cial kind of talent, and that mathematics, 
beyond the elements of arithmetic, is of 
little or no value to him unless he is 
planning to become a scientist or an en- 
gineer. These two notions produce fear of 
the subject and apathy toward it. 

2. Failure to associate mathematics 
with experience and common sense, which 
leads to mystification and befuddlement. 

3. Lack of knowledge of how to study 
effectively, which results in waste of time 
and effort, and consequent discourage- 
ment. i 

4. Disorderly ways of attempting to 
solve problems, which expose the student 
to blunders and errors. 

The first of these sources of trouble is 
created mainly by the general public, in- 
cluding teachers in fields other than 
mathematics, engineering and the natural 
sciences. For the other sources, teachers 


1 From a lecture delivered at the Institute for 
Teachers and Professors of Mathematics, held in 
August, 1959, at the University of Rhode Island. 


and textbooks of mathematics are largely 
responsible. 

I want to make a few suggestions of 
general character and follow them up with 
specific suggestions which relate to differ- 
ent subjects. 

1. Approach the abstract through the 
concrete, with an appeal to the student’s 
experience and common sense. 

2. Instead of introducing a new concept 
by a formal definition, use the definition 
to crystallize and epitomize the explanation 
of the concept. 

3. Avoid topics which do not fall in the 
main line of progress of the subject. Also, 
avoid topics which can be treated more 
effectively in a higher subject or which are 
untimely. Introducing the symbolism of 
symbolic logic into a first course in algebra 
constitutes a good example of bad timing. 

4. Do not underestimate or over- 
estimate the student’s capacity. 

5. Since problem solving forms the 
major part of the study of school and col- 
lege mathematics, the following sugges- 
tions should be helpful: 

a) Do not require the student to solve 
a great many problems of the same type. 
While studying a mathematical topic or 
subject, the student has to make use of 
most of what he has learned before. This 
fact makes understanding of principles and 
methods of greater importance than the 
development of skills. 

b) Solve illustrative examples in such a 
way that the analysis forms a straight 
chain of reasoning, not a tangled mass of 
links. 

c) Solve numerical problems as literal 
problems first, and introduce numerical 
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values after the required magnitudes have 
been expressed in terms of the symbols of 
the given. 

d) Discuss the expressions of the re- 
quired magnitudes with the object of 
checking them, and of obtaining special or 
otherwise interesting cases. 

e) Impress upon the student that the 
object of solving a hypothetical problem 
is to carry out a chain of reasoning which 
leads to the answer in a logical and 
orderly way, and brings out the underlying 
principles—that the purpose is not merely 
to find the answer. 

f) Train the student to rephrase a 
verbal problem in its bare outlines and to 
form a strategy before starting the opera- 
tion of solving it. 

g) Whenever possible, denote geometri- 
cal and physical magnitudes by single let- 
ters, preferably by the first letter of the 
name of the magnitude. 

h) In applied problems see to it that the 
terms of an equation have the same di- 
mensions.” 

Arithmetic. Any program designed to 
make mathematics attractive should begin 
with arithmetic, for the student’s reaction 
against mathematics starts in elementary 
school. 


Three years ago the principal of an 


elementary school came to see me. He 
asked me if I could do something about 
a group of bright fifth and sixth graders 
who were two years behind in arithmetic 
compared with their work in English. I 
met with fourteen of these children, six 
times. During the first meeting it became 
perfectly evident that they were not doing 
well in arithmetic because they were bored. 
I was appalled to learn that arithmetic is 
taught for eight years, using eight different 
books, and after examining the texts used 
in the fifth and sixth grades, I was not at 
all surprised that they were bored. 


2H. M. Dadourian, How to Study—How to Solve 
(Reading, Mass.: Addison-Wesley Publishing Co., 
1957). 


I should like to make three suggestions 
which should help to make arithmetic 
more attractive: 

1. Do not require the solution of a great 
many single operation problems. The 
solving of such problems is comparable to 
learning how to button one’s coat. Con- 
stant repetition is not necessary in either 
case. 

2. Introduce problems which involve 
observation and measurement, as well as 
counting. 

3. Introduce the rudiments of algebra 
into the lower grades, say the fifth grade. 

The solution of an equation such as 
z+2=5 is no more difficult that that of 
the problem, “I hold five pennies in my 
hands; two of the pennies are in my left 
hand, how many are in my right hand?” 
In fact, this problem could be presented 
by actual pennies in the hands of the 
teacher as a preliminary to the solution of 
the corresponding equation. 

During my sessions with the fifth and 
sixth graders, I gave a number of examples 
of the uses to which they could put their 
knowledge of mathematics. One of these 
was the determination of the height of a 
tall object, such as a flagpole, a tree, or a 
building, by measuring its shadow and 
that of a yardstick held upright. I intro- 
duced the concept: of similar triangles and 
the proportionality of their sides. Those 
fifth and sixth graders understood what 
was being donein spite of the fact that they 
had been doing very poorly in arithmetic. 
It is important to note that I used H, h, 
L and | to denote the magnitudes involved 
instead of the mysterious z, 2’, y, y’. Such 
a problem as an actual project for pairs of 
children would be not only interesting to 
the children, but would give an oppor- 
tunity to the teacher to explain some of 
the precautions which have to be taken in 
order to make the determination of the 
required height fairly accurate. 

Algebra. Most of my suggestions of a 
general character are applicable to the 
presentation of algebra. 1 want to stress 
here the importance of solving verbal nu- 
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. merical problems as literal problems first. 
When a verbal numerical problem is 
solved literally, all problems of the same 
type are solved, irrespective of differences 
in the nature of the magnitudes and their 
numerical values. This is the main char- 
acteristic of algebra which distinguishes it 
from arithmetic. ‘ 

I have found that college students act 
as if the main object of solving a numerical 
problem is to obtain a numerical answer, 
whether the problem is in physics, mechan- 
ies, or any other subject. They plunge into 
arithmetical operations, and when an 
answer is obtained, they follow it with 
the designation ‘‘Ans.”’ and stop. 

With the introduction of the elements of 
algebra in lower grades, it becomes prac- 
ticable to include some of the topics of col- 
lege algebra in a tenth grade course. 

Geometry. I should like to see plane 
geometry given in the first semester of the 
eleventh grade, with its scope reduced to 
explanation of the mathematical concept 
of truth and illustrations of inductive 
reasoning by means of the proofs of a rela- 
tively few selected theorems. I would drop 
solid geometry from the curriculum. I am 
taking for granted that mensuration and 
presentation of solids on a plane would be 
taken care of in connection with courses in 
arithmetic and algebra. 

Trigonometry. I should like to see trigo- 
nometry taught in the second semester of 
the eleventh grade. I would include in it a 
chapter on the addition and subtraction of 
vectors and their application to physics. 
In a text of only 98 pages, I have devoted 
a chapter to these without sacrificing any 
of the essentials of plane trigonometry. I 
was able to do this by such devices as re- 
placing multifarious reduction formulas 
with a very simple rule of action. 

Analytics and calculus. College students 
avoid these subjects whenever possible, in 
spite of the fact that these are the most 
interesting and, after arithmetic, the most 
useful subjects in mathematics. This is 
due partly to the distaste for mathematics 
engendered in school, and partly to the 
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way these subjects are presented. Text- 
books on analytics contain few, if any, 
applications to physics. Analytics can be 
made more attractive by such applications 
as that of the parabola to parabolic re- 
flectors and of the hyperbola to sound 
ranging. 

The calculus can be made more attrac- 
tive by taking the mystery out of such 
concepts as limit and derivative; by an 
approach to these concepts along the lines 
indicated by suggestions 1 and 2 of general 
character. 

For example, the concept of derivative 
could be approached in text or classroom 
as follows: 

You have learned in elementary physics 
that the average speed of a body is given 


by 


This equation does not tell the whole 
truth. In an automobile trip, for example, 
you do not measure the distance directly. 
As to the time, there is no way of measur- 
ing it directly. What you do is to take the 
reading of the odometer of your car, and 
the reading of a watch, at the beginning 
and at the end of the trip, and use the 
formula 


This equation tells, however, more than 
the whole truth; for it gives the impression 
that every one of the symbols in the right- 
hand member is important per se, which 
is not the case. What is important is the 
change in the readings of the instruments. 
Denoting the changes in the readings by 
As and At, we obtain 


which tells the truth, the whole truth and 
nothing but the truth. 
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However, if you have an argument with 
a telegraph pole about your speed, the 
important question is not your average 
speed, but the speed at the instant of im- 
pact. But what is speed at a given in- 
stant? We may state that whatever it is, 
it is approached closer and closer by the 
average speed if the latter is determined 
for a very short interval of time before the 

‘ instant, and the interval is made shorter 
and shorter; for the speed of a body can- 
not change abruptly unless the body hits a 
massive obstacle. Thus the speed of a body 
may be defined by the equation 


d= lim. —- 
ato At 


The transition from this equation to the 
definition of the derivative of a function 
is relatively simple. 

Mathematics has been called the queen 
and the handmaiden of the sciences. A 
great majority of students feel at greater 
ease when she appears in the garb of a 
handmaiden than in the regal finery of a 
queen. My final suggestion is, therefore, 
to present her as much as possible as the 
handmaiden of the sciences. 


The Board of Directors of the National 
Council of Teachers of Mathematics at the 
April 1960 meeting approved the preparation 
and publication of a yearbook to be devoted to 
the problem of the mathematical education of 
the talented student in grades K-12. 

It is intended that the yearbook be a source- 
book of topics and materials which have been 
found useful in enriching the mathematics pro- 
gram of talented students, but which are not 
parts of either traditional or experimental 
courses. 

Under the chairmanship of Julius H. 
Hlavaty, the editorial committee, some mem- 
bers of which are listed below, has accepted the 
responsibility of preparing the grade level sec- 
tions as indicated here. If you have material 
which you believe would make a contribution 
to achieving the purpose of the yearbook, won’t 
you send it to the appropriate member of the 
committee, or to the chairman? Please submit 
your contribution no later than February, 1961. 
Where grade levels as listed below overlap, send 
the material to either member, but not to both. 
Full credit will be given to each contributor 
whose material is used. 


Will you contribute to a forthcoming yearbook? 
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K-8—Vincent J. GLENNON 
Director, Arithmetic Center 
Syracuse University 
Syracuse 10, New York 


7-10—Josreru L. PAYNE 
3019 University School 
University of Michigan 
Ann Arbor, Michigan 


9-11—HeEnry SYer 
Kent School 
Kent, Connecticut 


12, Honors—Harry D. RupERMAN 
Hunter College High School 
930 Lexington Avenue 
New York 31, New York 


Juuius H. Huavaty, Chairman 
Commission on Mathematics, CEEB 
475 Riverside Drive 

New York 27, New York 
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in Switzerland 


Teaching of mathematics 


G. POLYA, Stanford University, Stanford, California. 


A description of programs, teacher education, performance, 


IN THE LAST years, my teaching activity 
has been almost entirely devoted to addi- 
tional training of teachers of mathematics 
and science. Participants in my classes 
often asked me questions about European 
education, and so I gave a few talks, out- 
side class time, about this subject, with 
some aspects of which I am well acquainted 
from personal experience. I wanted to use 
a few months’ trip to Switzerland to 
gather additional information, especially 
about recent developments. I am greatly 
indebted to the Executive Committee of 
the Mathematical Association of America 
and to the U. 8. Commission on Mathe- 
matical Instruction, which designated me 
their official representative to visit Swiss 
secondary schools to gain an up-to-date 
picture of current trends in mathematical 
education in Switzerland. 

The present report summarizes my im- 
pressions. It is so written that most of it 
can be submitted to any group of high 
school teachers or interested parents and 
can be read by people who have no time 
or patience to absorb many details or 
many unfamiliar terms. 


SUMMARY 


In such complex human matters as the 
one before us, simplifications and gen- 
eralizations are never very safe. Yet one 
cannot summarize without simplifications 
and generalizations. I am keenly conscious 
of all this when, in comparing the Swiss 
schools with the average American high 
school, I find the following four points the 
most significant: 
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and change in mathematics teaching and learning in Switzerland. 


I. Division into specialized branches. 
After primary school, that is, on the aver- 
age from the seventh grade on, the school 
is divided into several specialized branches, 
and the curriculum within each branch 
leaves no choice, or little choice, to the 
student. 


II. Teacher training emphasizes mastery 
of the subject matter much more, prac- 
tice-teaching more, and general didactical 
lectures much less. 


III. Performance. In those branches of 
the Swiss schools that prepare for Uni- 
versity studies the programs in mathe- 
matics (and also in science and languages) 
go considerably further. 


IV. Change. No major change has taken 
place in the recent past, and no major 
change is likely to take place in the near 
future, although there is some gradual 
change, some discussion, and some experi- 
mentation. 

The foregoing refers to mathematics as 
taught in an average Swiss school com- 
pared with an average U. S. high school 
for boys and girls of the same age. Yet, 
in fact, points I, II and IIT (not point IV) 
are approximately correct to a much 
further extent: the teaching of mathemat- 
ics, science, and languages in Central Eu- 
ropean schools shows on the whole the 
same contrast. By the way, all this is no 
news; it can be seen by any not quite 
casual and somewhat open-minded ob- 
server; it has been stated time and again 
—what is needed here is not so much fact- 
finding but rather fact-facing. 
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The following four sections illustrate 
the four points by adding appropriate de- 
tails. An appendix says a few words about 
the personal experience of the author on 
which his opinions are based. 


I. Division of the School Into 
Specialized Branches 


All the children (the future medical 
doctor, the future salesman, the future 
housewife, and so on) go to the same 
primary school, but eventually they must 
study different things, and so their studies 
must be separated from a certain point 
onward: the question is when and how. 
The basic difference between the Euro- 
pean and U. 8. school systems concerns 
this When and How. 

The accompanying diagram ‘The Zur- 
ich School System”’ represents the system 
of public schools in the Canton of Zurich. 
(There is some simplification; more com- 
plex and less typical details are neglected.) 


Tue Zuricu Scuoo. System 


I believe that it is a fairly representative 
example; any school system in Central 
Europe would show the same kind of con- 
trast with American high schools. 

The diagram shows clearly enough, I 
hope, how the school splits successively 
into several branches; it shows the num- 
ber of years the students have to spend in 
each branch, and the students’ ages; it 
shows moreover (sketchily) the subjects 
covered by the mathematical instruction 
in each branch. It emphasizes grades 7 
through 13, gives less space to the first six 
grades, says nothing about the university 
level. I wish to explain the abbreviations 
and add a few remarks. (I add, in paren- 
theses, the original German terms, and 
the corresponding terms used in the 
French-speaking Swiss cantons.) 


Primary: Primary school (Primar- 
schule, école primaire) is for all children; it 
lasts six years. The separation into several 
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branches begins after it, with the seventh 
grade. 

Prep. A, B, C: Preparatory schools; 
they prepare the pupils especially for Uni- 
versity studies. 

Prep. A: Preparatory school of type A 
(Literargymnasium, gymnase_ littéraire) 
with Latin, Greek, and one living foreign 
language (French). Mathematics is taught 
in all grades through 63 years. 

Prep. B: Preparatory school of type B 
(Realgymnasium; gymnase) with Latin 
(no Greek) and two living foreign lan- 
guages (usually French and English). The 
program in mathematics is the same as 
for type A. 

Prep. C: Preparatory school of type C 
(Oberrealschule, gymnase scientifique). No 
Latin, two living foreign languages, more 
mathematics and science than in types A 
and B. It prepares principally for the 
study of science and engineering on uni- 
versity level. 

SeconDARY: Secondary school (Sek- 
undarschule, école secondaire). It prepares 
principally for professions which need no 
university studies. It is entered by the 
greatest fraction of students (about 60 
per cent) and has more resemblance to the 
American junior high school than other 
branches of the Swiss school system. 
Mathematics is taught in each grade. 

Higu. Primary: Higher primary school 
(Oberschule, école primaire supérieure). 
Still less theoretical than the secondary 
school. 

TravE: Trade school (Gewerbeschule, 
école professtonelle). It has several branches, 
according to the different professions, of 
varying duration and intensity. It is an 
obligatory part-time school (8 to 10 hours 
weekly) for “apprentices’’ who are trained 
in shops, workshops, offices, or factories 
(they work also part-time and receive 
some salary, which increases as their train- 
ing advances). Mathematical instruc- 
tion varies greatly: quite strong for some 
trades, very little for some others. 

Business: Business school (Handels- 
schule, école de Commerce). 


TeacHers’: ‘Teachers’ preparatory 
school (Unterseminar, école normale). See 
Section II. 

Entronce examinations are marked in 
the diagram by a double vertical line. For 
example, a pupil who has completed the 
primary school and wishes to enter the 
preparatory school of type A has to pass 
such an examination; he can enter the 
higher primary school without such an 
examination. 

Terminal examinations which entitle the 
student to enter the university, or some 
branches of it (Maturitdtspriifung, ma- 
turité) are marked in the diagram by a 
triple vertical line (the middle line is 
dotted). 

There is full-time obligatory schooling 
for 9 years to the age of 15 (in some cases 
only 8 years). Moreover, there is addi- 
tional part-time obligatory schooling to 
the age 18; apprentices fulfill this obliga- 
tion by attending trade school. 

(The diagram shows also some less char- 
acteristic and less important details: the 
preparatory course of type C begins later 
than types A and B; some Business stu- 
dents may go on to the University, and 
so on.) 


II. Teacher Training 


Primary scHoout. There is a special 
preparatory school (with two living for- 
eign languages, no Latin) for prospective 
teachers of the primary and secondary 
schools (see ‘“Teachers’’ in diagram). In 
view of the future profession of the pupils, 
the program of this preparatory school 
contains subjects which are not obliga- 
tory in other preparatory schools (music, 
art drawing, manual skills, technique of 
speech) and teaches other subjects to a 
lesser extent. Mathematics is taught in all 
grades (5 hours per week in grade 10, 4 
hours in the following grades): Algebra to 
quadratic equations and logarithms (also 
slide rule), plane geometry, solid geom- 
etry, some descriptive geometry (accept- 
able representation of solids on the black- 
board) analytic geometry, differential cal- 
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culus up to easy problems in maxima and 
minima, 

Only the last year of this preparatory 
school brings some distinctively profes- 
sional instruction (4 hours weekly in one 
semester, 3 in the other) to the prospec- 
tive teachers, and this instruction is 
mostly practical: visits to schools and 
practice teaching with discussion follow- 
ing. General didactical ideas presented in 
class are closely tied up with the practical 
exercises. 

The teachers’ preparatory school is fol- 
lowed by the one year teachers’ training 
school on university level (Oberseminar) 
which, again, is predominantly practical: 
lectures on general didactics, history of 
pedagogy, psychology and child psychol- 
ogy take 5 hours weekly out of 34 in one 
semester and.8} hours out of 32} in the 
other. The special didactics of various 
subjects are strongly practical; exercises 
are emphasized. 

The main emphasis is on practice teach- 
ing: each candidate teaches 3 hours per 
week through the whole year under the 
guidance of an experienced teacher. More- 
over, between the two semesters, he 
teaches 3 weeks full time in a city school 
and another 3 weeks in a country school. 
Having passed the training school, the 
candidate must teach successfully at least 
40 weeks in the following two years to re- 
ceive his final certificate. 

SECONDARY SCHOOLS. The prospective 
teacher in a secondary school must have 
the primary teacher’s final certificate and 
two years practice in a primary school, 
after which he receives two years training 
at the university. The program of this train- 
ing contains didactical lectures, but the 
emphasis is on the mastery of the subject." 
There are six branches of science teaching, 
divided into two groups: 


1) Mathematics, Physics, Chemistry, 
2) Botany, Zoology, Geography. 


1 For instance, language teachers must have lived 
at least 6 months in a place where the language is 
spoken, and speak it fluently. 


Any secondary teacher of science must 
take two subjects from group 1 and two 
subjects from group 2, do practice teach- 
ing in both groups and, in his final ex- 
amination, teach a class for one hour in 
group 1 before the examiners, and another 
class in group 2. One of the branches 
chosen by any science teacher must be 
mathematics, and the minimum require- 
ment is a course in calculus. 

PREPARATORY SCHOOLS. A major num- 
ber of the mathematics teachers for pre- 
paratory schools in all Swiss cantons re- 
ceive their training at the Swiss Federal 
Institute of Technology (E.T.H., Eid- 
gendssische Technische Hochschule, Ecole 
Polytechnique Fédérale) in Zurich (a 
highly-rated technical university). 

The program for the final certificate 
(mathematician’s diploma) demands solid 
knowledge both in classical and in modern 
branches of mathematics; there are also 
courses and examinations in mechanics 
and in experimental and theoretical phys- 
ics. An extensive paper on a special math- 
ematical subject, for which three months’ 
work is allowed, is also part of the final 
examination. In short, a mathematician’s 
diploma at the E.T.H. is roughly equiva- 
lent to a strong M.S. degree. 

About 250 semester-hours’ work is 
needed for the mathematician’s diploma; 
only 7 additional semester-hours are 
needed for the additional pedagogical ex- 
amination which is also required for teach- 
ing in preparatory schools. These are 
distributed as follows: 


General didactics, 3 semester-hours: 


most of the time is spent on discussing the 
established school system, its purpose, its 
practical aspects. 

Topics from school mathematics, 2 se- 
mester-hours: discussion of the most im- 
portant topics which should be viewed dif- 


? A student takes about 30 hours per week, sev- 
eral of which, however, are devoted to practice ses- 
sions or to laboratory work. For instance, freshman 
calculus is taught in 9 hours weekly: 6 hours lecture, 
3 hours practice sessions. As a result, there is relatively 
less homework than in an American university. 
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ferently at the university and in the 
preparatory school. 

Practice teaching, 2 semester-hours: 
either all candidates listen to a class con- 
ducted by an experienced teacher, or one 
candidate teaches and the others observe. 
Each hour of practice teaching is followed 
by a discussion (particularly useful, if the 
instructor is experienced). 

In the final examination, the candidate 
must teach twice, one hour each time, in 
the presence of the examiners. 

Before the present teacher shortage 
(which began in Switzerland relatively 
late, two or three years ago) the (unwrit- 
ten) requirements for a preparatory school 
teacher were even higher: a Ph.D. degree 
in the better paying city schools. 

The teacher in a preparatory school has 
some advantages over the teacher in a 
secondary school: less teaching load, more 
salary, a little more security, but the dif- 
ferences are not so great; the salaries are 
in the proportion 5 to 4, or thereabouts. 
Yet the preparatory school teacher can do 
research and not infrequently may advance 
to a university position. (A personal 
note: among my former students who 
wrote their Ph.D. dissertations at the 
E.T.H. under my guidance, three are now 
professors of the E.T.H.; all three taught 
several years in preparatory schools.) 


III. Performance 


It is easy to compare programs, but it is 
not easy to judge the performance. For in- 
stance, there is a subject which is treated 
in Switzerland even in secondary schools, 
but which is conspicuously (and for the 
outsider, surprisingly) absent from the 
program of the average American high 
school: divisibility and the decomposition 
into prime factors. Yet to compare in per- 
formance the primary schools on both 
sides of the Atlantic, or the Swiss second- 
ary schools with the junior high schools, 
is not so easy. At any rate, I am not ina 
position to undertake such a comparison. 

There is, however, a point where the 
comparison is possible: the young people 


who pass the terminal examination (Retfe- 
prifung, Maturitdtsprifung, maturité) of a 
Swiss (or German, or Austrian, etc.) 
preparatory school, are about two years 
ahead of those boys and girls who, having 
finished high school, enter the university: 
they are about the same age and attended 
school the same number of years, but the 
boy with the “Maturitatspriifung” can be 
admitted to an American university as a 
junior,’ whereas the boy from the high 
school will be a freshman. As far as I can 
judge on the basis of my extensive experi- 
ence on both sides of the Atlantic, this dif- 
ference of two years persists: the boy who 
gets a B.A. or a B.S. after four years of 
study at one of the American universities 
I know intimately, is about as far ad- 
vanced as the boy who, after two years of 
study, passes his intermediate examina- 
tion at the E.T.H. 

To see the full picture, we must realize 
that the minority of young people who 
pass the terminal examination (Reife- 
prifung, maturité, etc.) of the Swiss, or 
European, preparatory schools (Gym- 
nasium, lycée, liceo, etc.) results from a 
selection. To begin with, only a minority of 
children is able to pass the entrance exam- 
ination into the preparatory schools. Of 
those who, having surmounted this ob- 
stacle, enter the preparatory schools, a 
considerable percentage will be dropped 
along the road because of insufficien: 
achievements. (In Zurich, of 100 children 
entering the preparatory school, about 50 
succeed in arriving at, and passing, the 
terminal examination.) Thus the prepara- 
tory school acts as a selecting agent, as a 
kind of sieve: it picks out the students 
who can be expected to deserve university 
education. 

(It is obvious that any such procedure 
of selection, however beneficial it may be 
on the average, unavoidably involves 
hardships and undesirable results in some 
cases. It must be mentioned that young 


3 This is, to some extent, actual practice as far as 
I can judge from the cases I know personally. 
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people who do not succeed in the prepara- 
tory school have a second chance: they 
can attempt the “terminal examination” 
given by the state in regular intervals out- 
side, and independently of, the prepara- 
tory schools [Eidgenéssische Maturitdts- 
priifung, maturité fédérale]. There are sev- 
eral private schools—some of them are 
rather good——preparing people for these 
state examinations.) 

Some readers of this report may raise 
the question: How is the performance of 
the teachers in preparatory schools af- 
fected by the circumstance that only a 
very small percentage of their training has 
been devoted to didactical subjects? (Cf. 
Section II.) This question was often in 
my mind when I spoke with teachers, but 
I met just one teacher who was really 
interested in it and had a decided opinion. 
Here it is, in a nutshell: “As a student at 
the university, I was impressed by some of 
my teachers. Then, when I started teach- 
ing in the school, I had difficulties. The 
trouble was, as I see it now, that I imitated 
my university professors: I did not realize 
that teaching in a school must differ in 
many ways from teaching at the univer- 
sity. The generalities I heard in our short 
course of general didactics gave me no 
help. I imagine that a good didactical 
course by a competent professor could 
have helpéd me to understand the situa- 
tion sooner.”’ Let us hope that my inter- 
locutor was right. 


IV. Change 

In this section, I speak only about the 
preparatory schools. 

The program of the “state terminal 
examinations” (Eidgendssische Maturitats- 
priifung; see Section III) is fixed by a 
federal ordinance (of 1925). This program 
provides a minimum standard for the 
schools: the materials on this federal pro- 
gram are included in the curriculum of the 
schools, by law or by consent. 

A committee of the Union of Swiss 
Teachers of Mathematics and Physics 
recommended a carefully phrased new 
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minimum standard for preparatory schools 
in 1958, with the avowed purpose that the 
federal ordinance of 1925 should be cor- 
respondingly modified. The recommended 
changes are by no means revolutionary; 
here are a few. 

For all three types, A, B and C: Less 
time should be spent on computations 
with logarithms, and the slide rule should 
be extensively used. 

For types A and B: Compound interest 
and especially annuities should be dropped 
and the elements of the calculus introduced. 

For type C: Spherical Trigonometry 
should be dropped, and several other 
things introduced, especially vectors; geo- 
metric transformations should be treated 
and so treated that they may serve as a 
preparation for the concepts of group 
theory. 

These recommendations have been 
adopted by the schools to a good extent 
(most of them by the better schools, I am 
inclined to believe). At any rate, these 
recommendations have been widely dis- 
cussed. There is a lively discussion and a 
strong interest in some schools, but the 
changes envisioned are by no means sub- 
versive. For instance, in the program of a 
school, mathematics and science gained a 
few semester-hours at the expense of 
Latin. Some teachers would like to teach 
a little more probability and add some 
statistics; others would insist more on 
geometric transformations and the group 
concept; and so on. In several schools, the 
programs are sufficiently elastic so that the 
teachers have a possibility of putting their 
ideas into practice. 

Some teachers in the French-speaking 
Swiss cantons, especially in Geneva and 
Neuchftel, would go much farther; under 
French influence, they would like to 
“Bourbakize” the curriculum. In fact, 
they have started to do so to some extent 
or will start next year. There have been a 
a few clashes; the “progressives” charge 
the others with “stabilism.” I give the 
floor to one of the “‘stabilists’? who ex- 
plained to me why he objected so strongly 
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to a talk by a “‘progressionist’”’: “He need 
not tell us what a set, a ring, a field or a 
mapping is, we have heard all that and 
more at the university. He should have 
told us how and when, with which exam- 
ples, for which use, he introduced, or in- 
tends to introduce, such concepts, and how 
much resistance he has encountered from 
the students.” 

I refrain, of course, from taking sides. 
I am inclined to believe that some “‘Bour- 
bakism”’ will penetrate into the Swiss 
schools eventually, by degrees. On the 
other hand, it seems to me that the Swiss 
preparatory function, on the 
whole, satisfactorily, and so some “stabil- 
ism” is justified. Experience and pre- 
caution are very much needed when new 
concepts or methods are introduced at the 
expense of tried and tested ones. 


schools 


Appendix 

Opinions such as have been voiced on 
the preceeding pages cannot be “proved’’: 
they necessarily depend on the experience 


what experience the author has acquired 
his opinions. 

I attended a schooi (in Budapest, 
Hungary) similar to the Swiss preparatory 
school of type A. I did practice teaching 
for a year in a school (also in Budapest) 
similar to the Swiss preparatory school of 
type C. In the Zurich preparatory schools 
of types A and B, I was part-time teacher 
for about three years around 1920. Later, 
for more than ten years, I was in charge 
of the mathematical part of the admission 
examinations to the E.T.H. (see Section 
II) and there I examined candidates 
coming from schools all over Europe. 

Beginning in the fall of 1958 I spent 
about eight months in Switzerland. I 
visited several schools both in the German- 
speaking and the French-speaking parts, 
gave talks to pupils and teachers, and 
discussed their problems with the teachers 
(many of them attended my classes at the 
E.T.H. or I was well acquainted with 
them otherwise). I spoke also with some 
key people in charge of the mathematical 


and the background of the author. There- 


training of future primary and secondary 
fore, the reader is entitled to know through 


teachers. 


Pieces of eight 


The figure which represents the numeral 
eight (8) has several marvelous aspects. By it, 
one can demonstrate that half of 8 is zero, or 3, 
depending on how it is cut. And ? is 9, or 6, but 
the latter is correct, and therefore is not accept- 
able for this essay. In Roman numerals, one 
can twice get 100 as } of 8. Another interchange 
shows 8 to be a half of XIII, but the reverse 
cannot be managed. It is scarcely proper to mix 
things such as by VIII}. (Incidentally, in 
Roman numerals one can take 1 from 4 and get 
5. And speaking of the Romans, who never con- 
quered Scotland, that great architect MceMix 
would never allow his name to be put on build- 
ings for which the cornerstone was laid in 1909.) 

Eight is a working number, as shown by 
octaves in music, eighths in the stock market, 
and 8-cylinder motors. Then there was the 8- 
hour day. Then too, skating and bandage tying 
involve the figure eight. Thus, the lucky number 
7 is bested by work, and even in its own field by 
the 8th wonder of the world. 

Fight is also one of the hole numbers, which 
includes 0, 6, and 9, but it is holier than the 
others.—Gerald J. Coz. 
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Problems in presenting non-Euclidean 
geometries to high school teachers 


LOUIS 0. KATTSOFF, Boston College, Boston, Massachusetts. 
What is the place of non-Euclidean geometries and miniature systems 
in the secondary school curriculum, and in the curriculum 


I. INTRODUCTION 


‘THIS PAPER contains some observations 
and impressions formed during a course in 
which I presented the basic notions of 


non-Euclidean geometries to high school: 


teachers. The course was divided into 
three parts. The first was an introduction 
to the theary of axiom sets and, in par- 
ticular, miniature geometric systems. The 
second was an analysis of Euclid during 
which the need for the Dedekind postulate, 
Pasch’s axiom, and other assumptions 
was demonstrated: In addition, the exist- 
ence of logical equivalents to the fifth 
postulate was noted with special atten- 
tion directed to Playfair’s axiom. The 
third and final section of the course showed 
how to contradict Playfair’s axiom and de- 
veloped some basic theorems of hyper- 
bolic and elliptic geometry. The question 
of the consistency of Euclidean geometry 
was discussed and related to these alter- 
native geometries. The notion of a projec- 
tive geometry was briefly considered. 
One aim of the course was to see how 
much, if any, of the material covered 
could be used in the secondary schools to 
which these teachers would return. If the 
teachers were to introduce non-Euclidean 
concepts in their own programs, one 
would suppose that their reactions and at- 
titudes would be reflected in those of their 
students. Indeed, it goes without saying 
that they would impart these attitudes 


for prospective secondary school teachers of mathematics? 


and reactions to many of their students. 
As it turned out, the kinds of difficulties 
many of the teachers had in grasping the 
basic ideas of deductive systems and alter- 
native geometries were precisely those 
that I would expect their students to have. 
I believe this paper may be of benefit to 
those teachers preparing to present some 
non-Euclidean concepts to their students. 


II. THE DEDUCTIVE CHARACTER 
OF GEOMETRY 


Although there is increasing emphasis 
on the nature of a proof and the structure 
of a geometry, the abstract. character of 
a geometry is not always apparent to the 
student. That the axioms are merely the 
starting point for the deduction of theo- 
rems and in consequence can be modified 
and replaced at will is apparently more 
difficult for the student to grasp than is 
realized. The difficulty is the tendency to 
assume that axioms must somehow be 
“true.” It must be stressed that the geo- 
metric system is merely saying “If our 
axioms are consistent, then the following 
theorems are valid.” If the student once 
gets the idea that mathematical systems 
are completely abstract and provide us 
only with the consequences-ef a set of ac- 
cepted premises, then the possibility of 
alternative geometries becomes significant. 

The existence of alternative geometries 
is no longer a complete secret to high 
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school mathematics teachers and students. 
This, however, is merely to say that they 
are mentioned as existing—a kind of 
curiosity. The logical import of these al- 
ternatives is lost because usually nothing 
more is done with them. Only when the 
alternative axioms are stated and their 
consequences drawn, does the existence of 
non-Euclidean geometries have its full 
impact on the minds of teachers and stu- 
dents. The deductive character of geome- 
try is then revealed completely. 

The impact is increased if and when 
some consideration is given to the notions 
of proof and consistency. The distinction 
between truth and validity is clarified, 
and the student sees that although a set 
of axioms may be factually false or un- 
decidable, or may even contradict some 
other set of axioms, it is still possible to 
deduce their consequences (theorems), 
provided the axioms are consistent. And 
the demonstration that certain non-Euclid- 
ean geometries are consistent if Euclid- 
ean geometry is consistent helps under- 
line the logical nature of a geometric 
system and its independence of factual 
considerations. 


III. THe POssIBILITY OF 
“OTHER WORLDS” 


Inevitably the question arises, ‘What 
geometry best describes the world in which 
we live?” Quite clearly this is not a mathe- 
matical question but, if anything, an 
empirical one. Yet I found that some dis- 
cussion of this question changed attitudes 
and led to open-mindedness. It was pos- 
sible to emphasize again that we were 
concerned with logical possibilities in 
mathematics, and that the term non-Eu- 
clidean geometries implies nothing de- 
rogatory to Euclid. Some of the teachers, 
particularly those who had been teach- 
ing plane geometry for many years, felt 
at first that a discussion of non-Euclidean 
geometries constituted a ‘‘tearing-down”’ 
of Euclid. 

Apart from the important concept of 
logical possibilities, the equally important 


psychological effect of considering that 
“other types of worlds” were possible in- 
troduced a greater flexibility of imagina- 
tive creativity. This made it possible to 
clarify the concept of “space.” The ‘‘re- 
ceptacle” view of space is most common 
among teachers. It was accordingly diffi- 
cult to get across the idea that, mathe- 
matically speaking, ‘“‘space”’ could be 
viewed as simply a set of sets of numbers 
with certain relations defined. Once this 
notion was grasped, it was possible to in- 
troduce the concept of translation, that 
is, of associating the symbols of a geome- 
try with words and expressions that per- 
tained to “physical reality.’”” Geometry 
could then be seen as an abstract system 
whose symbols were mapped to words 
like “point,” “line,” and “plane,” #.e., as 
an interpreted system, or as a mathe- 
matical model. 


IV. THE NATURE OF A DEDUCTIVE SYSTEM 


One very interesting feature of the work 
on miniature systems was the revelation 
that few teachers in the class were aware 
of the nature and structure of a proof. 
Most had never become acquainted with 
the basic logical concepts underlying 
mathematical proofs. In our program there 
was a separate course on symbolic logic 
which correlated quite nicely with the 
course on non-Euclidean geometries and 
aimed to provide these teachers with 
material sufficient to close this gap in their 
knowledge. Let me list a few difficulties. 

Although it was easy enough to define 
as contradictory two statements “p’”’ and 
“q’ such that when one is true, the other 
must be false, and to illustrate this defi- 
nition with simple statements such as 
“The triangle ABC is isosceles” and 
triangle ABC is not isosceles,”’ the teach- 
ers encountered great difficulties in writing 
the contradictories of compound state- 
ments, especially of conditional state- 
ments, such as: “If ABC is a triangle in 
Euclidean space such that the base angles 
are equal, then the sides opposite these 
angles are equal.” 
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In the first place, it was necessary to 
show that the form of this statement is 


t-b—s 


where ¢ represents “ABC is a triangle in 
Euclidean space,” 

b represents “ABC has its base 
angles equal,” 

s represents “The sides of ABC 
opposite the base angles are 
equal,” 

- represents “and,” 


— represents “implies.’’ 
Many teachers wanted to say that 
t-b—s is false 


is the contradictory. Others preferred to 
say that the contractictory is 


(t-b) is false—s is false. 
Still others wrote as the contradictory 
8 is false—(t-b) is false. 


The diversity of replies clearly indi- 
cated a fundamental misunderstanding of 
the logical concepts “contradictory” and 
“conditional.” A few of the things that 
can be done to clarify these concepts are 
illustrated. 

Suppose we define as follows: 

The conditional “if p is true, then q is 
true” means “It cannot be the case that p 
is true and q is false.” If we use ““~” to 
denote “‘is false” then, 


p—q=def ~(p-~q). 


In case p is compound, as in our ex- 
ample, then 


t-b—s means ~[(t-b)-~s], 
i.e., it cannot be the case that ABC is a 
triangle in Euclidean space and has its 
base angles equal and does not have the 


sides opposite these angles equal. The 
contradictory is obviously 


(t-b)-~s 
which may be read: 


‘ABC is a triangle in Euclidean space 
and has its base angles equal but it is 
false that the sides opposite the base an- 
gles are equal.” 

If now we introduce the operations of 
contraposition and exporiation, students 
can be led to interesting insights. 

Contraposition may be defined as: 


is equivalent to ~q>~p. 
Exportation may be defined as: 
p-q-r is equivalent to p—(q-7). 


Now, returning to our example, we 
may calculate in the following fashion: 


t-b—s 

b—(t-s) 
b(~s~1) 


i.e., if the base angles of a triangle are 
equal and the sides opposite them are not 
equal, then the triangle is not Euclidean. 
This leads to a recognition of one possible 
theorem in a non-Euclidean geometry of 
some sort. 

The significance of the concept, con- 

tradictory of a statement, becomes apparent 
when one attempts to form the negation 
of Euclid’s fifth postulate. The complex 
form of the fifth postulate in Euclid gave 
the students a good deal of trouble. 
“Tf a straight line falling on two straight lines 
makes the interior angles on the same side less 
than two right angles, the two straight lines, if 
produced indefinitely, meet on that side on 
which are the angles less than the two right 
angles,” 

But even the statement, “Through a 
point outside a line, both in the same 
plane, one and only one line can be 
drawn parallel to the given line,” was 
difficult. To negate this is to assert that 
it is false that one and only one line can 
be drawn through the given point under 
these conditions. The alternative state- 
ments are: 

“No lines can be drawn parallel,’’ ete. 
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“More than one line can be parallel,” 
etc. Each of these is a denial but not a con- 
tradictory of the given statement. 

The idea of a rigorous proof as a 
series of transformations is most difficult 
to put across because of the way geometry 
is taught. The analysis of some proofs in 
the traditional texts reveals the need for 
additional axioms. Such an analysis indi- 
sates the necessity for Dedekind’s axiom, 
Pasch’s axiom, and others. A study of 
Hilbert’s axiom set for Euclidean geome- 
try helped underline the need for the 
explicit recognition and statement of all 
the assumptions made. A number of 
teachers told me they were astounded at 
the actual lack of rigor in their courses 
when they supposed their proofs com- 
pletely rigorous. 

As one would expect, the idea of con- 
sistency and independence of axiom sys- 
tems also raised difficulties. 


V. VISUALIZATION OF FIGURES 


Probably the most persistent difficulty 
was psychological. The habit of visualiz- 
ing Euclidean figures kept constantly in- 
terfering with the grasp and comprehen- 
sion of non-Euclidean statements and 
proofs. The relation of figures to theorems 
was widely misconstrued. Almost in- 
rariably when some figure was drawn for a 
theorem in non-Euclidean geometries, 
someone would say, “But the figure shows 
the theorem impossible.”” For example: 
when a Saccheri quadrilateral with sum- 
mit angles obtuse (or acute) was put upon 
the blackboard, a number of teachers re- 
marked, “‘But that cannot be because the 
summit must be parallel to the base!’ 
With difficulty they were convinced that 
some imaginative reconstruction was nec- 
essary on their part, and that the theorem 
stated what would be the case if something 
else were the case. I must quote in this 
connection the remark of one teacher. 
After I had demonstrated a number of 
theorems in hyperbolic geometry, this 
teacher came to me and said, “I know that 
what you are doing is utterly impossible, 


yet there you are at the blackboard doing 
it.” 

Fundamental to these psychological 
difficulties is the ingrained belief that 
geometry (Euclidean) describes “figures 
in space” and hence, since a figure is what 
it is, Euclidean geometry alone can be 
true. This, incidentally, is precisely the 
point of view that made Saccheri set out 
to “vindicate” Euclid. Familiarity with 
Euclidean ways of conceiving ‘space’ 
ends in the identification of familiarity 
with truth and obviousness. Some recital 
of the history of efforts to determine the 
“nature of physical space” in the nine- 
teenth century and some explanation of 
relativity space helps the teachers break 
the bonds of Euclidean insularity. 


VI. CONCLUDING REMARKS 


The tendency today is to overlook ge- 
ometry and emphasize algebra. This is in 
large part due to the tremendous de- 
velopments in algebra and their applica- 
tions to computers. The expression ‘‘mod- 
ern mathematics” is almost identified 
with modern algebra, statistical inference, 
and set theory. The consequent neglect of 
geometries as such will sooner or later be 
remedied, 

Apart from other considerations, the 
intrinsic beauty of non-Euclidean geom- 
etries makes a course in non-Euclidean 
geometries particularly attractive. If the 
aim of the various programs for second- 
ary school teachers of mathematics is to 
shake the teachers loose from traditional 
approaches and to show them what 
mathematical rigor is really like, then the 
study of non-Euclidean geometries is in- 
dispensable. 

Finally, let me say a few words about 
the introduction of non-Euclidean con- 
cepts into the secondary school course in 
plane Euclidean geometry. A number of 
the teachers felt the material too difficult. 
Some of them had been teaching plane 
geometry for many years and were so 
deeply in a rut that they found it almost 
impossible to readjust their thinking. 
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Other teachers felt that many of the theo- 
rems were too difficult for their students 
to handle with success. 

There was, however, considerable agree- 
ment that two units of work could be intro- 
duced easily and profitably at the second- 
dary school level. The study of miniature 
systems is intriguing and not too difficult. 
Moreover, miniature systems are small 
models of the larger geometries and serve 
as excellent tools for revealing the struc- 
ture of a mathematical system. All stu- 
dents should undertake the study of a few 
very simple miniature systems near the 
end of their regular work. 


What's new? 


The second unit centers around the 
Saccheri Quadrilateral. In going back to 
Saccheri’s work, I was struck by the sim- 
plicity of most of the theorems. An adapta- 
tion of these theorems which I am prepar- 
ing should not be beyond the abilities of 
the better students. Moreover, I believe 
these students would be quite excited by 
the strange possible ‘‘worlds’’ opened to 
their intellectual scrutiny. 

Quite obviously, I believe a course in 
non-Euclidean geometries to be extremely 
valuable at’ the present stage of the at- 
tempt to improve secondary school mathe- 
matics. 
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Classical Mathematics, A Concise History of the 
Classical Era in Mathematics, Joseph E. 
Hoffman. New York: Philosophical Library, 
1960. Cloth, 159 pp., $4.75. 

Free and Inexpensive Learning Materials, 10th 
ed., Nashville, Tennessee: Division of Sur- 
veys and Field Services, George Peabody 
College for Teachers, 1960. Paper, 252 pp., 
$1.50. 

From Zero to Infinity, 2nd rev. ed., Constance 
Reid. New York: Thomas Y. Crowell Com- 
pany, 1960. Cloth, 161 pp., $3.95. 

Introduction to Higher Mathematics for the Gen- 
eral Reader, Constance Reid. New York: 
Thomas Y. Crowell Company, 1960. Cloth, 
v +184 pp., $3.50. 
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Is solid geometry an entrance requirement 


for engineering schools? 


VINCENT BRANT, Board of Education of Baltimore County, 


Towson, Maryland. 


A survey to discover whether engineering schools which require solid geometry 
for admission will accept a fused honors course instead. 


To FusE or not to fuse—that is the ques- 
tion. Curriculum planners for geometry 
courses have been beset by this problem 
of fusing plane, solid and co-ordinate ge- 
ometry, for it is inextricably tied to the re- 
quirement of solid geometry for admission 
to accredited schools of engineering. For 
many years engineering schools were 
loath to drop the solid geometry require- 
ment because of the importance of the 
three-dimensional concepts in mathemat- 
ics and engineering. At the same time 
mathematics teachers, supervisors, and 
curriculum planners have felt the impact 
of the recommendations of the Commis- 
sion on Mathematics of the College En- 
trance Examination Board and have been 
anxious to update their programs. Yet 
they, too, have been reluctant to embark 
upon programs which may not meet with 
the approval of the colleges. The varia- 
tions in admission requirements from col- 
lege to college compound the problem for 
schools which wish to insure that -their 
graduates will meet requirements for en- 
gineering schools. Many a workshop com- 
mittee has been confronted with such an 
impasse. 

The study which was stimulated by the 
efforts of a local workshop committee to 
provide a solution to this problem is de- 
scribed in this paper. The next pages deal 
with the problems met by the committee, 
the resulting study and a summary of the 
possible role to be played by geometry in 
the secondary school. 


During the summer of 1959 a workshop 
in planning a curriculum for superior and 
gifted children, grades 1-12, was con- 
ducted by the Board of Education of 
Baltimore County, Towson, Maryland. 
The main effort of the committee in sec- 
ondary school mathematics was the con- 
struction of a new geometry course which 
would follow the recommendations of the 
Commission on Mathematics of the Col- 
lege Entrance Examination Board by fus- 
ing the elements of plane geometry, solid 
geometry, and introductory co-ordinate 
geometry in a one-year course. In order to 
distinguish this course from the usual 
plane geometry course, our committee 
referred to it as honors geometry. With be- 
ginners’ algebra and intermediate algebra 
offered in grades 8 and 9 respectively, the 
honors, geometry course in grade 10 would 
eliminate the need for a semester course in 
solid geometry. This would permit a su- 
perior student to take semester courses in 
trigonometry, analytic geometry, and ad- 
vanced algebra in grade 11, followed by a 
whole year of differential and integral cal- 
culus in grade 12. The transcript for col- 
leges will list the new course as geometry 
with a notation explaining the content of 
the course. 

The outline for this honors geometry 
course is as follows: 

1. Introduction to Geometry 

2. Direct Proof 

3. Parallel and Perpendicular Lines and 

Planes: Related Angles 
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4. Proportion and Similarity 

5. Co-ordinate Geometry 

6. Quadrilaterals, Prisms, and Paral- 
lelepipeds 

7. Circles and Spheres 

8. Area of Plane Figures 

9. Areas and Volumes of Solid Figures 


It should be emphasized that the honors 
course fuses two- and three-dimensional 
concepts and elementary co-ordinate ge- 
ometry wherever possible, as early as 
possible. Thus, the student avoids “com- 
partmentalizing’ branches of mathe- 
matics. The committee which developed 
this course was strongly against the kind 
of course which would take plane geome- 
try as a block, superimpose solid geometry 
on the first block, and then cap it all with 
a unit on co-ordinate geometry. 

The plan of the workshop committee to 
eliminate solid geometry as a semester 
course in this advanced placement pro- 
gram raised several questions which have 
confronted curriculum planners for years. 
These questions may be stated as follows: 
1. What engineering schools still require solid 

geometry as an entrance requirement? 

2. If a geometry course is constructed so as to 
include plane geometry, solid geometry, 
and co-ordinate geometry, will engineering 
schools which still require solid geometry ac- 


cept this new geometry course in lieu of the 
required solid geometry course? 


Part of the dilemma of curriculum 
planners was clarified in a study made by 
Dr. M. L. Keedy of the University of 
Maryland. The results of this study may 
be found in the February, 1959, issue of 
Tue Matuematics TeEacuEer. Dr. Keedy 
contacted 147 engineering schools in the 
United States which offer a first degree in 
engineering and are accredited by the 
Engineers Council for Professional De- 
velopment. In this survey, engineering 
schools were asked whether or not they 
still required solid geometry as a require- 
ment for entrance, and whether students 
would have to take a no-credit course in 
solid geometry in college if they had not 
taken it in high school. Of the 147 schools 
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in the study, 96 schools indicated that they 
no longer required solid geometry for en- 
trance, although 17 recommended it. The 
names of the 96 schools not requiring solid 
geometry were not listed in the summary 
given in THe MatTuematics TEACHER. 
The names of these schools have been 
made available to this writer through the 
kindness of Dr. Keedy and will be listed 
in a chart to be given later in this paper. 
In this former study, Table 2 listed the 
names of 29 schools which required a 
semester of solid geometry in high school 
or required that it be taken after admis- 
sion into college. Table 3 listed the names 
of 9 schools which required solid geometry 
for admission at that time but were con- 
sidering its elimination in the future. 
Table 4 listed the names of 13 schools 
which did not reply to Dr. Keedy’s ques- 
tionnaire. 

Although the above survey gave our 
workshop a firm footing on which to pro- 
ceed, it was felt that the 51 schools listed 
in Tables 2, 3, and 4 should be surveyed 
as to their policy in regard to the ques- 
tion: 

Will a geometry course of one year including 
plane geometry, solid geometry, and introduc- 
tion to co-ordinate geometry, as constructed in 


Baltimore County, be accepted in lieu of the 
solid geometry requirement? 


The results of this survey of 50 schools* 
are presented in this paper, which gives 
in chart form the combined results of Dr. 
Keedy’s study and this study. In order to 
make a distinction between the studies 
conducted by Dr. Keedy and the writer, 
two different letters will be used in the 
chart. The letter ‘““K’”’ will indicate the 96 
engineering schools which do not require 
solid geometry, as given in Dr. Keedy’s 
report. The letter “B” will indicate the 
schools contacted by the writer to ascer- 
tain whether or not our honors geometry 
course, fusing plane, solid and elemen- 
tary co-ordinate geometry for superior and 


* U. S. Naval Postgraduate School omitted from 
this study because high school students would not be 
making application to that institution. 
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SurveY oF ENGINEERING SCHOOLS ON GEOMETRY ENTRANCE REQUIREMENTS 


Study 


Engineering School 


Solid 
Geometry 


Honors 


Geometry Preference 


Requirement Acceptable 


K 
K 
K 
K 
K 
B 
K 
K 
K 
B 
B 
B 
K 
K 
K 
B 
K 
K 
K 
K 
B 


Air Force Institute of Technology 
Akron, University of 
Alabama Polytechnic Institute 


Alabama, University of 


Alaska, University of 
Arkansas, University of 
Arizona, University of 


Bradley University 


Brooklyn, Polytechnic Institute of 
Brown University 
Bucknell University 


California Institute of Technology 
California, University of 


Carnegie Institute of Technology 
Case Institute of Technology 


Catholic University 
Cincinnati, University of 


Citadel, The 


Clarkson College of Technology 
Clemson A. and M. College 
Colorado A. and M. College 
Colorado School of Mines 
Colorado, University of 
Columbia University 
Connecticut, University of 
Cooper Union School of Engineering 
Cornell University 

Dartmouth College 

Dayton, University of 
Delaware, University of 
Denver, University of 

Detroit, University of 

Drexel Institute of Technology 
Duke University 

Fenn College 

Florida, University of 

George Washington University 
Georgia Institute of Technology 
Harvard University 

Hawaii, University of 


Howard University 


Idaho, University of 

Illinois Institute of Technology 
Illinois, University of 

Iowa State College 

Iowa, State University of 
Johns Hopkins University 
Kansas State College 

Kansas, University of 
Kentucky, University of 
Lafayette College 

Lehigh University 

Louisiana Polytechnic Institute 
Louisiana State University 


No 
Yes 
Yes 


No 


No 

No 

Not 
specifically 
required 
No, but 

recommended 

No 

Yes 

Not 

specifically 

required 

No 

No 


No 
Not 
specifically 
required 
No 
Not 
specifically 
required 


No, but 
recommended 
No 
No 


Trigonometry or solid geometry 
upon satisfactory completion of honor 


Yes 

Yes, 
courses 

Yes, upon satisfactory completion of advanced 
placement program 

Yes Requires entrance placement test 

Yes 1} units algebra, 1 unit plane geometry, 
} unit trigonometry or solid geometry 
or additional algebra 

34 units algebra, 1 unit plane geometry, 
4 unit trigonometry 


Yes 


years of college preparatory mathe- 
matics with trigonometry 


units algebra, 1 unit plane geometry, 
4 unit trigonometry, } unit mechani- 
cal drawing 


answered 


years of college preparatory mathe- 
matics with trigonometry 


Yes 


years of college preparatory mathe- 
matics 


units algebra, 1 unit plane geometry 
and CEEB (SAT) and achievement 
tests 


Intermediate algebra and trigonometry 


4 years of college preparatory math. 


Not 2 years algebra, 1 year plane geometry, 
answered } year trigonometry 
Yes, upon completion of the advanced place- 
ment program 
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Solid Honors 
Study Engineering School Geometry Geometry Preference 
Requirement Acceptable 
B Louisville, University of Optional Under 4 years of college preparatory mathe- 
considera- matics required. Introduction to ana- 
ation lytic geometry and calculus accepted 
in lieu of solid geometry. 

K Maine, University of No 

K Manhattan College No 

K Marquette University No 

K Maryland, University of No 3} years of college preparatory math. 

K Massachusetts Institute of Technology No 

B= Massachusetts, University of Yes Yes Requires trigonometry 

B_ Michigan College of Mining and Yes Yes Requirement of solid geometry under 

Technology consideration 
K Michigan State University No 
B_ Michigan, University of Yes Yes Transcript should show that the course 
fuses plane, solid and elementary 
co-ordinate geometry. 

B- Minnesota, University of Yes No 34 years of college preparatory mathe- 
definite matics. Content of courses most im- 
answer portant. Uses a qualifying test. 

K Mississippi State College No 

K Mississippi, University of No 

B_ Missouri School of Mines and No Yes Recommends fusion course in geometry 

Metallurgy (Rolla, Missouri) in its bulletin 

K Missouri, University of No 

(Columbia, Missouri) 
B- Montana School of Mines Yes Yes 
B Montana State College Yes Yes All geometry courses, not only honors 
geometry, should fuse plane, solid 
and co-ordinate geometry. 

K_ Nebraska, University of No 

K Nevada, University of No 

K New Hampshire, University of No 

K New Mexico College of A. and M. Arts No 

K New Mexico, University of No 

K New York, City College of No 

K New York University No 

K Newark College of Engineering No 

B- North Carolina State College Under consideration by Department of Mathematics and 


North Dakota State College 
North Dakota, University of 
Northeastern University 
Northwestern University 
Norwich University 

Notre Dame, University of 
Ohio Northern University 
Ohio State University 

Ohio University 

Oklahoma A. and M. College 


Oklahoma, University of 


Oregon State College 
Pennsylvania State University 
Pennsylvania, University of 
Pittsburgh, University of 

Pratt Institute 

Princeton University 

Purdue University 

Rensselaer Polytechnic Institute 
Rhode Island, University of 


Rice Institute 
Rochester, University of 
Rose Polytechnic Institute 


Rutgers University 

Saint Louis University 

Santa Clara University 
South Carolina, University of 


School of Engineering 


Not answered 
No 
No 


No Yes 
No, but 
recommended 
Incomplete 
answer 


Yes Yes 


No 
No 
No, but Yes 
recommended 


2 units algebra, 1 unit plane geometry, 
} unit trigonometry 


Transcript should show that the ge- 
ometry course content includes plane, 
solid and co-ordinate geometry. 
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Honors 
Engineering School Geometry Geometry Preference 
Requirement Acceptable 


South Dakota School of Mines Yes Advanced placement program accept- 
able 

South Dakota State College 

Southwestern Louisiana Institute 

Southern California, University of 

Southern Methodist University 

Stanford University 

Stevens Institute of Technology 

Swarthmore College 

Syracuse University ‘ 2 units algebra, 1 unit plane geometry, 
4 unit trigonometry. Advanced al- 
gebra strongly recommended. 

Tennessee, University of Concerned with content of course, not 

answered with names of units. 


BARRA 


Texas A. and M. College 

Texas College of Arts and Industries 

Texas Technological College 

Texas, University of Yes May eliminate solid geometry require- 

ment 

Texas Western College Yes 

Toledo, University of Yes 

Tufts University 

Tulane University 

Tulsa, University of Yes, upon completion of superior and gifted 

program 
Union College Not required Yes 3} units of college preparatory mathe- 
specifically matics 

U. 8S. Coast Guard Academy No 

Utah, University of No 

Vanderbilt University No 

Vermont, University of No, but 

recommended 

Villanova University No 

Virginia Military Institute Yes Qualifying test required for solid ge- 
ometry credit 

Virginia Polytechnic Institute Yes Under consideration 

Virginia, University of No Yes 2 units algebra, i unit plane geometry, 
4 unit advanced algebra or solid ge- 
ometry or trigonometry 


B 
K 
K 
K 
B 
B 
B 
K 
K 
B 
B 
K 
K 
K 
B 
K 
B 
B 
B 


Washington, State College of 

Washington University 

Washington, University of 

Wayne State University Yes 2 units algebra, 1 unit plane geometry, 
4 unit trigonometry strongly recom- 
mended. Requires placement test. 

West Virginia University Yes, if transcript indicates that this is an ad- 

vanced mathematics program. 

Wichita, University of { Yes Transcript should show the content of 

the honors geometry course. 


Wisconsin, University of 
Worcester Polytechnic Institute 
Wyoming, University of 

Yale University 

Youngstown University 


| 


SumMary oF ScHOOLS IN Stupy B 


. Number of schools which do not require solid geometry or do not specifically require solid geometry and 
accept honors geometry 

. Number of schools which do not require solid geometry but did not give an answer to the acceptability 
of honors geometry 

. Number of schools which still require solid geometry, but accept honors geometry in lieu of solid 
geometry 

’. Number of schools which still require solid geometry, but have not given an answer to the acceptability 

of honors geometry, or are considering a change in requirements 

. Number of schools which still require solid geometry and did not specifically accept honors geometry but 
would use entrance placement test of their own making 

. Number of schools not answering 


Total 
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gifted children, would be acceptable in 
lieu of the usual one-year course in plane 
geometry and the semester course in solid 
geometry. 

It is interesting to note that, of the 38 
schools previously reported by Dr. Keedy 
as requiring solid geometry, 16 indicated 
that solid geometry is no longer a specific 
requirement for admission. Some schools 
had arrived at this decision reluctantly, 
and many are in favor of a geometry 
course which would fuse plane, solid, and 
elementary co-ordinate geometry. Fifteen 
schools which still require solid geometry 
for admission are willing to accept honors 
geometry instead. Five schools had re- 
ferred the problem to their engineering or 
mathematics departments or were con- 
sidering a change in the solid geometry 
requirement. 

Of the 146 engineering schools covered 
in both studies, 123 no longer required 
solid geometry, though many recom- 
mended it. In additon, 38 of the 50 schools 
in study B would accept honors geometry 
in lieu of solid geometry. This total does 
not include 4 schools which no longer re- 
quire solid geometry but which failed to 
give a specific answer to the accepta- 
bility of honors geometry. This report 
assumes that all 96 schools not requiring 
solid geometry in study K would also 
accept honors geometry, and therefore a 
grand total of 134 schools would accept a 
fusion geometry course. This assumption 
is reasonable because schools in study B 
which no longer required solid geometry 
generally accepted honors geometry. 

The schools contacted in study B were 
most helpful and reacted favorably to our 
efforts to deal with this problem, of which 
they are acutely aware. Some of the com- 
ments in regard to this fusion type ge- 
ometry are quoted below: 


Columbia University: The course which you 
have outlined is an admirable one. The combina- 
tion of plane geometry, solid geometry, and ele- 
mentary co-ordinate geometry is obviously a 
good one and a program growing in popularity. 
You will be pleased to know, also, that the 
Columbia Engineering Faculty has voted full 
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recognition to the Advanced Placement Pro- 


am. 

Dartmouth College: The Department of 
Mathematics at Dartmouth College has been 
in close contact with the Commission on Mathe- 
matics of the College Entrance Examination 
Board, and our faculty members are in firm 
agreement with the recommendations made by 
that particular group. I have discussed the con- 
tents of your letter with the Mathematics 
Chairman, and he is in full favor of the honors 
geometry course which you have outlined. 

University of Delaware: We think that the 
newly-organized course is an excellent combi- 
nation and want to compliment you upon this 
step. 

Duke University: We are pleased to learn 
of your new program in geometry and con- 
gratulate you upon this progressive step. We feel 
that this course will meet our geometry require- 
ments in every respect. 

University of Massachusetts: I [Dean of 
School of Engineering] am very much inter- 
ested in the outline of your so-called honors 
geometry course and I personally feel that this 
may very adequately cover the space concepts 
that a student normally gets in the solid geom- 
etry work. In most engineering curricula, as you 
know, the student does get a course in descrip- 
tive geometry which uses space concepts a great 
deal. He will certainly be better prepared for 
such work if he has had solid geometry in some 
previous course. If the three dimensional aspects 
of geometry are included in the geometry course, 
this should be quite adequate. 

Missouri School of Mines and Metallurgy: 
Our school no longer requires Solid Geometry for 
admission into our engineering program. At the 
time the change was made our faculty recom- 
mended that students planning to enter this 
school complete a one year course in geometry 
while in high school which would cover exactly 
the subject areas included in your geometry 
course, 

University of Virginia: I believe the program 
in geometry which you describe in your letter 
is excellent and would certainly satisfy our re- 
quirements in geometry. 

University of Wichita: With respect to the 
course outlined in your letter I believe that there 
would be no question whatsoever about its ac- 
ceptance if the transcript from a high school 
showed plane and solid geometry. 

Commission on Mathematics: Thank you 
very much for the copy of your tentative guide 
for a course in geometry for the superior and 
gifted student. You and your committee deserve 
great praise for a first rate job. 


What import do the results given above 
have for the curriculum planner in mathe- 
matics? The following probable conclu- 
sions may be summarized from the study: 


1. The elimination of solid geometry as an 
entrance requirement must not be taken to 
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mean that the three-dimensional concepts are 
unimportant. The reverse is true. Many of 
the schools which do not specifically require 
solid geometry recommend its inclusion in the 
high school program. The fusing of two- and 
three-dimensional concepts is considered by 
many schools as a method of resolving their 
reluctance in eliminating the solid geometry 
requirement. 

Curriculum planners should consider the re- 
vision of present geometry courses for all 
students to include two- and three-dimen- 
sional geometry. The course in honors geom- 
etry for superior and gifted students in 
Baltimore County was initiated as a first 
step to break away from the traditional ap- 
proach to geometry. The committee hopes 
that after this experimental course has been 
in operation for a year or two, the resulting 
experiences will pave the way for writing a 
similar course for all geometry students. Such 
a course, however, would not have the depth 
which has been planned for the more able 
students. Such a fusion course for all stu- 
dents would have an added advantage since 
the traditional course in plane geometry is a 
terminal course in mathematics for many 
students. Thus, they would gain added in- 
sight into three-dimensional concepts and co- 
ordinate geometry before taking their final 
leave of mathematics. Many of the current 
high school textbooks reflect this trend and 
either incorporate two- and three-dimensional 
geometry or present brief units of solid 
geometry in supplementary pamphlets which 
accompany the plane geometry text. 

3. Since many of the schools are granting full 
recognition to the advanced placement pro- 
gram, curriculum planners should consider 
the recommendations of the Commission on 
Mathematics of the College Entrance Exam- 
ination Board in revising their programs in 
geometry. 

. Several schools recommended that high 
schools indicate on the transcript the content 
of such honors courses or fusion courses. The 
names given to many mathematics courses in 
high school have been misleading. For that 


reason, Many engineering schools are inter- 
ested in the content of such courses and 
would like to have the transcript indicate the 
contents or nature more fully. 


The first reports by teachers of this 
course given at a quarterly meeting indi- 
cate that students are enthusiastic about 
it and think in terms of two and three 
dimensions with no difficulty at all. The 
teachers agree that this approach is 
stimulating for both teacher and student. 
Since this is a tentative course, it is 
likely that some modifications may be 
necessary, but it would seem at the present 
time that the current framework will re- 
main unchanged. Our committee has the 
greatest praise for two publications of the 
Commission on Mathematics, the ‘Re- 
port” and the “Appendices.” The two 
publications are highly recommended for 
curriculum planners. 

It would seem that the trend towards 
fusion of plane, solid, and elementary co- 
ordinate geometry into one geometry 
course is gaining in popularity. The re- 
laxing of the specific requirement of solid 
geometry as an entrance requirement to 
engineering schools will afford greater 
impetus to this new development. How- 
ever, it must be emphasized again that 
the deletion of the solid geometry require- 
ment does not mean that the three-dimen- 
sional concepts are unimportant, but 
rather that they are so vitally important 
that these concepts should be introduced 
in a revised geometry course. 


Our colleges’and universities must take part 
of the responsibility for the improvement of 
teacher-training programs. The staff for such 
programs must be carefully chosen. The teacher 
of a subject-matter course for prospective teach- 
ers should be, of course, an expert in his field, 
but he should have also a good understanding 
of the problems of secondary school teaching. 
Curricula need to be carefully planned, since it 
must be recognized that a subject-matter course 
designed for the training of a research scientist 
is not necessarily appropriate for the training 
of a prospective science teacher.—E. G. Begle in 
“Science Education News” 
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EXPERIMENTAL PROGRAMS 


Although it operates in many schools— 
we do not, in fact, know how many—the 
Syracuse University “Madison Project” 
is probably one of the least well known of 
all of the “new” mathematics programs. 
This unintended secrecy derives, perhaps, 
from the nature of the project itself. As we 
shall see presently, the project is repre- 
sented by neither a large collection of 
sample textbooks, nor a small collection 
of incisive slogans. 


ONE THEME: BUILDING “READINESS” 


It is significant that the project is con- 
cerned with the study of mathematics in 
grades 4-9. One key—though by no 
means the only one—to the project’s ac- 
tivities is a consistent emphasis on readi- 
ness. Now, by saying that a student 
possesses “‘readiness,”’ the project means 
that the student has the necessary back- 
ground skills, understandings, and motiva- 
tion so that the lesson for the day has a 
chance to “click’—it will seem to the 
student that he has learned something 
new and interesting. 

Readiness is perhaps most abundantly 
available in a class in English—ever since 


birth, a child has lived with an increasing 
desire to communicate and has come into 
daily contact with the basic components: 
he has heard spoken language and tried 
his own hand at talking; he has seen let- 
ters and words and sentences and punctu- 
ation marks on everything from a sub- 


The “Madison Project” of Syracuse University 


Edited: by Eugene Nichols, Florida State University, Tallahassee, Florida 


by Robert B. Davis, Syracuse University, Syracuse, New York, and 
the School Mathematics Study Group, Yale University, New Haven, Connecticul 


way poster to the daily newspaper, or 
from a box of cereal to the screen of a TV 
set. He has been intimidated by inflec- 
tions, and has likely experimented with 
attempts to intimidate others. 

In short, he brings to the English 
teacher a complete set of component 
pieces, and now he has merely the task of 
learning to assemble them with increased 
discrimination: to distinguish one verb 
form from another, to select a comma 
when it is called for, or a semicolon if 
that is what is needed... . 

When the student enters a ninth-grade 
algebra class, on the other hand, he brings 
with him an incredibly inadequate “readi- 
ness.” Virtually nothing in his daily life 
has made him want to solve equations, and 
nearly every simple concept—such as 
truth set, or open sentence, or the classi- 
fication of equations into linear, quadratic, 
and so on—and every single technique— 
such as using “placeholder’’ or “‘variable”’ 
notation, scrutinizing instances in an at- 
tempt to discover a pattern, combining 
statements according to an explicit system 
of inference, et cetera—are entirely new 
to him. In short order we propose to teach 
him what an equation is, what its com- 
ponent parts are (such as “variables” and 
“constants’’), how one deals with equa- 
tions in order to “solve” them, what we 
mean by a “solution,’”’ how to use equa- 
tions in solving word problems, how to 
generalize to more complicated equations, 
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what sort of obstacles one may encounter 
and how to avoid them, and usually even 
‘a great deal more. 

Do we succeed? 

One would hardly think so, to see how 
we must reteach this material in grade 
11, and—far too often—again in the fresh- 
man year of college. 

Now, it is not the malicious resistance 
of children that demands this triple ex- 
posure. Quite the contrary, it is their (or 
our, for that matter) normal nature. We 
have to have some small acquaintance 
with a topic before we can formulate any 
sophisticated or profound questions about 
it, and we learn by a protracted pattern 
of misunderstanding, becoming aware of 
some of our limitations, deepening our 
understanding, extending the range of our 
curiosity—and then starting the cycle all 
over again. 

Suppose a child were to appear in an 
English class, never having heard a word 
of spoken English, nor seen a word of 
written English, with no notion of “sen- 
tence” or “period” or “comma” or “‘letter 
of the alphabet,” or how to read from left 
to right, or how to pronounce the English 
vowels, and so on. Would we need to 
teach the year’s work again the following 
year? It seems virtually certain that we 
should, no matter how excellent »ur first 
year’s presentation of the mateial may 
have been. 

There is, after all, such a thing as ex- 
pecting too much. 

This, then, is the first task that the Madi- 
son Project has set itself: to study high 
school and college mathematics, determine 
what concepts and what techniques are most 
nearly essential, and to build readiness for 
them over a period of years, instead of over 
a period of days or weeks, as is normally 
done at present. 

Thus far the project has focused pri- 
marily on ninth-grade algebra and is de- 
veloping a program for grades 4-9 that 
tries to develop readiness for all of the 
really fundamental skills and understand- 
ings. 
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A SECOND THEME: WHAT IS 
MATHEMATICS? 


If we look at this program in more de- 
tail, we shall find that, in analyzing the 
“essentials” of ninth-grade algebra, the 
project has again moved in a somewhat 
original direction. 

The “essentials” of mathematics have 
not been taken to include, for example, 
the quadratic formula. Rather, the quad- 
ratic formula is regarded as a result of 
practicing mathematics. I may know the 
quadratic formula, and Cauchy’s integral 
formula, and a hundred others, and yet 
not “know mathematics,” in just the same 
way that I may own the largest collection 
of Vermeers in the state of Hawaii, with- 
out being able to paint. 

The project has relegated specific ‘‘re- 
sults’ (such as the quadratic formula) to 
a kind of subsidiary status—they are the 
illustrations by which the true subject is 
presented. One might call them the trees 
which make up the forest, or—more ap- 
propriately—one might say that these 
specific results of mathematical research 
are like the individually insignificant 
blades of grass which together constitute 
an attractive lawn. 

In the case of quadratic equations, 
what are some of the “essentials’’? 

Well, to begin with, there are the basic 
concepts of “open sentence,” “place- 
holder” (or “variable” or “unknown’’), 
and “truth set.” 

Then there is the matter of classifying 
open sentences into inequalities, equa- 
tions... then linear equations, quadratic 
equations, etc. (Not that we mean here 
that a specific classification scheme is 
to be memorized—rather, there is some 


* question to be raised about what different 


kinds of equations may possibly be en- 
countered—and which are amenable to 
similar treatment, et cetera.) 

Then there is the task of studying a 
variety of examples to see if we can dis- 
cover a pattern. We do this much with 
third or fourth graders, who find that they 
can solve equations like 
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first by extended trial and error—getting 
the truth set {2, 3}—and then, once they 
notice (from many examples) the per- 
sistent patterns 
2X3=6 


they can use this discovery to solve other 
equations more quickly: for example, 


(OXO)— +22=0, 


which yields {2, 11}, and so on. 

At this point, we begin a more sophisti- 
cated level of operation, in which we try 
to answer such questions as these: 

How would we describe our discovery to 
someone e!se? 

Does the method always work? If not, 
can we extend it? 

How can we use “placeholder” nota- 
tion to write a single open sentence that 
will represent every quadratic equation 
whatsoever? 

Are we sure that our final “formula” is 
correct? Always? How are we sure? (This 
last topic involves an extensive study of 
the sources of mathematical truth, and, in 
particular, the process of inferring theo- 
rems from a set of axioms.) 

These, then, are some of the skills and 
concepts (and, one might add, some of the 
basic “culture” or “orientation’’) with 
which the ninth-grade student should come 
equipped, and which the Madison Project 
program therefore endeavors to build in 
grades 3-8. 


THE STYLE OF PRESENTATION 


We mean, as it were, to paint, and not 
to collect reproductions of Picasso’s paint- 
ings. Therefore, the student is confronted 
by a problem—this problem is the empty 


canvas, on which he is to make his mark. . 


The first questions, naturally, must be 
very simple, since the student will be ex- 
pected to solve the questions without help 
from us. 

“What number shall we write to get a 
true statement, if we are given 


3+ =5? 


From this question we proceed to a long 
sequence of further questions, from which 
concepts and techniques will gradually 
emerge. 

», How shall we now write our textbook? 

Evidently, we shall not be able to pro- 
duce a text at all. A good art course is, 
perhaps, a sequence of experiences in fill- 
ing up blank canvases, together with in- 
telligent criticism and exciting stimula- 
tion. Just so with mathematics! Our 
“course”? must combine many experiences 
in solving problems, seeking out patterns, 
and formulating concepts, in an atmos- 
phere of discriminating and stimulating 
class discussion. (In place of a text, the 
project has prepared workbooks and 
teachers’ manuals, and is now preparing 
tape recordings of actual project classes. 
The more experienced project teachers 
are, however, beginning to dispense with 
these, and take their cues from the class 
discussion itself.) 

Much of the interest in the project’s 
activities focuses, quite properly, on the 
style in which the classroom discussion is 
conducted, and this will be discussed at 
some length in various forthcoming pub- 
lications. 


WHO TEACHES THE CLASSES? 


Probably nearly every reader has by 
now recognized a central difficulty that 
must be overcome: If we are to build 
readiness for mathematics in grades 4, 5, 
and 6 (and sometimes in grade 3), and 
with a minimum use of a text and a maxi- 
mum use of rather free-wheeling class dis- 
cussions, then who will do the teaching? 

Some elementary teachers are well able 
to do so, of course, but the number who 
can is not very large. In practice, the 
project’s elementary school classes have 
been taught by elementary teachers in 
some cases, by secondary mathematics 
teachers in other instances, and in several 
cases by college mathematics professors. 
Since this is a crucial problem, we may 
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find three types of solutions worth look- 
ing at: 

1. Specialist teachers. In several com- 
munities, notably Syracuse, New York, 
and Weston, Connecticut, the project 
classes are being taught by specialist 
teachers. 

In all cases where this is done, arrange- 
ments are made for other elementary 
teachers to observe project classes regu- 
larly, so that after a few years the school 
system is well provided with teachers who 
are familiar with the project material. 

One great advantage that derives from 
the use of a specialist teacher is that, 
through frequent repetition of the same 
lesson to different classes, the teacher is 
able to achieve a very high proficiency in 
the handling of class discussions. 

(The project classes mentioned may be 
visited by arrangement with Mr. William 
E. Bowin, Board of Education, Syracuse, 
New York, or with Mrs. Beryl Cochran, 
Weston Public Schools, Weston, Connecti- 
cut.) 

2. Mathematics clubs. In any method, 
it is essential to obtain active co-operation 
between elementary teachers and second- 
ary mathematics teachers. One of the 
easiest ways to implement this on a 
modest level is by means of mathematics 
clubs, meeting regularly one afternoon 
(say) every week. Several teachers—no- 
tably Mr. Henry Standish* of West 
Genesee Central High School, Camillus, 
New York—have made effective use of 
this method. 

3. Junior high school classes. Of course, 
when time can be found in grades 7 and 8 
to permit allocating one (or two) periods 
per week to project classes, there is likely 
to be much less of a problem in finding 
teachers to teach them, since most junior 
high school faculties can handle the ma- 
terial with relative ease. 

In addition to these three methods of 
presentation, there is a different use of 
project material which might be men- 


* Mr. Standish will describe his part in this project 
in the next issue of Toe Matuematics TEACHER. 


tioned—that of teaching high school chil- 
dren (usually in grade 9) who have poor 
records of mathematical achievement. 
Particularly effective use of project ma- 
terial with the weaker high school students 
has been achieved under the direction of 
Mrs. Eleanor Carney, of West Canada 
Valley Central School, Middleville, New 
York. 


‘THE THING ITSELF 


The use of project material with weaker 
students gains some of its effectiveness 
from another project characteristic, the 
exceedingly sparse use of language. Not 
only do we minimize exposition (thereby 
greatly reducing the verbal demands of 
the course), but we show, and let the chil- 
dren themselves describe (and even the 
children’s own verbalizations are not en- 
couraged until we are sure of the “thing 
itself”’) 

Mendelssohn once remarked that a 
musical theme is the least abstract thing 
in the world. It is what it is, and there is 
no word or symbol to “‘describe’’ it. 

Fortunately—especially for those chil- 
dren who are not quick to respond to ver- 
bal communications—mathematics also 
has this property: we don’t have to say 
what we mean, we can show what we 
mean. 

Our earlier example with quadratic 
equations illustrates this. I can write 
(though we would never be so explicit in 
an actual class): 


{3,5} 345=8 3xX5=15 
7) —(102 200 = 
{100,2} 100+2=102 100x2=200 
You can see the pattern itself! True, I 
can describe it, for example by saying that 
“the sum of the roots of a quadratic equa- 
tion in normal form equals the negative 
of the coefficient of the linear term, and the 


product of the roots equals the constant 
term.” 
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The important thing is that I need not 
describe the pattern in order to work with 
it. Even a low I.Q. student who would 
boggle absolutely at the phrase “the sum 
of the roots of a quadratic equation in 
normal form... ,” can figure out, for 
himself, that if he wants an equation with 
the truth set {5, 2}, he can write 


He knows what the pattern is, because 
he can see it. 

The time to start talking is after we know 
what we are talking about. Once we have 
seen the thing itself, we can then attempt 
to describe it. 


RELATION TO OTHER PROGRAMS 


Like nearly all ‘new’ mathematics 
programs, the Madison Project owes a 
great debt to Max Beberman of the 
UICSM Project, who (among his other 
contributions) proved the existence the- 
orem that an improved program of school 
mathematics can be brought into actual 
use. The project approach also shows 
much of the influence of W. W. Sawyer. 
But even more important than acknowl- 
edging origins is the question of compati- 
hility—can the Madison Project material 
be used to lead in to other “new” pro- 
grams on the high school level, or, for that 
matter, into a good “traditional” pro- 
gram? 

Obviously, it is too soon to cite any suc- 
cessful instances of this, but several 
schools have developed plans to use the 
Madison Project material to lead in to 
SMSG material (perhaps the SMSG 
“First Course in Algebra’’), or into the 
UICSM material (at about grade eight). 
The project material can definitely be 


used to lead into a good “traditional’’ 

course. It also seems likely that the Madi- 

son Project material could effectively fol- 
low the Suppes arithmetic-by-sets (Patrick 

Suppes, Stanford University, Stanford, 

California), which is being planned for 

grades one and two. The Madison Project 

work is somewhat similar in spirit to the 

David Page Arithmetic Project (Uni- 

versity of Illinois), and has also been in- 

fluenced by the Mayor-Keedy UMMaP. 

It might be added that Madison Project 

experimentation to date has been sup- 

ported by grants from the Marcel Holzer 

Foundation of New York City, and from 

the Carrier Corporation. Opportunities 

for teachers to study the project materials 
have been provided by grants from the 

National Science Foundation and the 

Alfred P. Sloan Foundation. The project, 

incidentally, is named after the Madison 

School, in Syracuse, N.Y., which was the 

site of the original project experimenta- 

tion. 
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Pennsylvania teachers participate in the 
NDEA in-service training program 


Over 5,000 elementary teachers in Pennsyl- 
vania enrolled in 1960 in twenty science and 
four mathematics programs offered under 
Title III of the National Defense Education 


Act. The program has been in operation only 
six months. During the same period almost one 
thoiisand secondary school teachers enrolled in 
four science, six mathematics, and two modern 
foreign language programs. These teachers en- 
rolled voluntarily with no college credit offered, 
on their own time. 
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@ HISTORICALLY SPEAKING, — 


Edited by Howard Eves, University of Maine, Orono, Maine 


Why and how we should correct 


the mistakes of Euclid’ 


by Paul H. Daus, University of California, Los Angeles, California 


I. THE WHY: 
THE GLORY THAT IS Evc.ip’s 


“Euclid is the only man to whom there 
ever came or ever can come the glory of 
having successfully incorporated in his 
own writing all the essential parts of the 
accumulated mathematical knowledge of 
his time” [1].? He was the most successful 
textbook writer the world has ever known. 
Over a thousand editions or revisions of 
his famous Llements have appeared since 
the advent of printing, and his work has 
dominated the teaching of the subject 
ever since it appeared, first in manuscript 
form and then in the form of revised text- 
books. Perhaps he was too successful, for 
two thousand years later, when new geo- 
metrical ideas and modern points of view 
were struggling for recognition, the un- 
rivaled supremacy of Euclid and the 
mistaken belief in the infallibility of 
Euclid made the assimilation of these new 
ideas extremely difficult. Even today it is 
no easy task, and the School Mathematics 
Study Group, which is planning a different 
type of text for geometry, cannot be as- 
sured of any immediate success. The 


1 Presented to the Southwestern Section of the 
Mathematical Association of America, April 10, 
1959. 

* Numbers in brackets refer to References at the 
end of the article. 


power of inertia must never be underrated; 
it often takes a crisis to arouse us from 
our lethargy. 

Euclid unified the work of many 
scholars and systematized the known 
mathematics of the day. His outstanding 
contribution lies in his extended applica- 
tion of the mathematical method—the 
hypothetico-deductive method of modern 
mathematics. He set himself the task of 
finding an adequate and universally ac- 
ceptable set of postulates for geometry 
and at the same time avoiding a prolifera- 
tion of assumptions, many of which would 
be repetitious in the sense of noninde- 
pendence. He entertained the ideal of 
placing mathematics on an unimpeachably 
logical basis. He demonstrated how much 
knowledge can be derived by reasoning 
alone, and it was through his Elements that 
later civilizations learned the power of rea- 
son. 

How well he succeeded must be ex- 
pressed in the words of one of his later 
commentators, for all the original manu- 
scripts have been lost. About 700 years 
after Euclid’s Elements appeared, Proclus 
wrote, “The selection and arrangement of 
the fundamentals was complete, clear, 
concise, and rid of everything superfluous. 
The theorems were presented in general 
terms, rather than as a number of special 
cases, and in all ways Euclid’s system was 
superior to all the rest.” 
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‘THE DISCOVERY OF NON-EUCLIDEAN 
GEOMETRIES 


Euclid began his Elements with a system- 
atic arrangement of definitions, com- 
mon notions, and postulates. The last 
postulate was the Fifth—the Parallel 
Postulate. This assumption was of a char- 
acter different from all the preceding ones, 
~and it was looked upon with suspicion and 
accepted with reluctance immediately 
after the appearance of Euclid’s work. But 
the introduction by Euclid of his Parallel 
Postulate was no accident; it was a monu- 
ment to his insight and skill as a mathe- 
matician. The evidence is in the Ele- 
ments. Euclid tried to prove everything 
he could without this postulate; he even 
introduced peculiar propositions with but 
one intent—to prove all he could without 
the postulate. Finally he had to use the 
Parallel Postulate. 

Much of the history of geometry after 
the fall of the Alexandrian School is con- 
cerned with attempts and failures to prove 
the Parallel Postulate on the basis of 
Euclid’s other assumptions. These at- 
tempts and failures finally led to the dis- 
covery of what we now call non-Euclidean 
geometries, which plainly showed the im- 
portance and necessity of Euclid’s Parallel 
Postulate (or some logically equivalent 
one) for the completion of Euclid’s work. 
But they did more than that; they opened 
up wide vistas of mathematical progress 
uninhibited by the doctrine of the infalli- 
bility of Euclid. 

The first real progress was made in 1733 
by the Jesuit monk, Girolama Saccheri, 
who, however, repudiated his own achieve- 
ments. He entitled his work “Euclides ab 
omni naevo vindicatus,”’ or, freely trans- 
lated, ‘Euclid freed of every blemish.” 
Saccheri denied an assumption that is 
logically equivalent to Euclid’s Parallel 
Postulate but retained all the rest of 
Euclid’s assumptions. He developed a 
logically consistent body of theorems for a 
geometry which differs from that of 
Euclid. But he was so convinced of the un- 


thinkability of any geometry other than 
that of Euclid that, in a final chapter, he 
lost himself in a morass of philosophical 
meanderings in the realm of the infinitesi- 
mal and rejected all his own correct reason- 
ing. If Saccheri had had a little more 
imagination and had not been so con- 
vinced that there could be no geometry 
other than that of Euclid, he would have 
anticipated by a century the discoveries of 
Gauss, Lobachevski, and Bolyai. Indeed, 
the Parallel Postulate was not one of the 
mistakes of Euclid; it was one of Euclid’s 
crowning mathematical achievements. 
Let us not say much more about the 
history of non-Euclidean geometry except 
to remark that Gauss had developed many 
ideas about the new geometry by 1800. 
However, he was a perfectionist and re- 
alized that anyone who dealt with the sub- 
ject was deemed “‘a bit queer,’’ so he pub- 
lished nothing. But Lobachevski, in 1829, 
had the courage of his convictions, and, 
although the imprint of Saccheri’s work is 
plainly visible in his writings, Loba- 
chevski’s attitude was different and he 
gave a complete development of hyper- 
bolic geometry. Today the Russians are 
very proud indeed of this mathematical 
hero. About the same time, the work of the 
younger Bolyai was sent by his father to 
Gauss, who replied that he had been in 
possession of much of this material a long 
time. But all of. these writers had still 
placed too much faith in Euclid, and a 
more open attitude did not appear until 
Riemann presented his famous disserta- 
tion in 1854. Starting from an entirely dif- 
ferent point of view (that of differential 
geometry), Riemann demonstrated the 
existence of so-called elliptic geometry, 
which his predecessors had rejected, and 
pointed out that others of Euclid’s postu- 
lates needed a careful scrutiny. The im- 
portance of the work of these men does not 
lie in the discovery of new geometries, but 
rather in that it caused a crisis in mathe- 
matical thinking which led to a critical 
examination of Euclid’s Elements and to 
the discovery of many mistakes made by 
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Euclid and to methods of correcting these 
mistakes. Indeed, the work non- 
Euclidean geometry led to a careful study 
of the foundations of all branches of 
mathematics. 


THE MISTAKES OF EvucLip 


Euclid recognized the importance and 
necessity of starting with appropriate 
definitions and assumptions. He even 
went to unnecessary and inadvisable 
lengths to define every term, although he 
was acquainted with the works of Aristotle 
and the latter’s statement, “It is not 
everything that can be proved. You must 
begin somewhere.” Euclid took this into 
account with respect to his common no- 
tions and postulates, but he overlooked 
the corresponding idea with respect to his 
definitions. (Unfortunately, this has not 
yet been recognized by many modern text- 
book writers.) 

Felix Klein wrote in 1908: “The ideal 
purpose which Euclid had in mind was ob- 
viously the logical derivation of geometric 
theorems from a set of premises completely 
laid down in advance. But Euclid did not, 
by any means, reach his high goal. Never- 
theless, tradition is so strong that Euclid’s 
presentation is widely thought of today as 
the unexcelled pattern for the foundations 
of geometry” [2]. 

It is time to choose. We must either be a 
follower of Saccheri, and, believing in the 
infallibility of Euclid, model our texts 
upon Euclid’s Elements, or we must follow 
modern mathematical thought and bring 
geometry in the schools up to date by 
achieving Euclid’s high ideal—‘‘the logical 
derivation of geometric theorems from a set 
of premises completely laid down in ad- 
vance.” 

What are some of the mistakes of 
Euclid? There is not space to bring in a 
complete bill of particulars, [3] and we 
must resort to general comments. 

1. Euclid tried to define every term. 

2. The definitions are not always precise 
and meaningful. 


It is only necessary to examine Euclid’s 
“definitions” of point, line, and plane to 
discover this, and to recognize that they 
play no * ': whatever in the logical de- 
velopmr of geometry. 

3. The postulates are not always stated 
precisely. 

The Postulate of Extension is one ex- 
ample. Its uncritical acceptance by the 
early workers in non-Euclidean geometry 
led to their rejection of elliptic geometry. 

4. The common notions (or axioms) are 
not stated in language which is mathematt- 
cally explicit, and they do not use the terms 
to which they are applied. 

5. The postulate system is incomplete. 

The entire omission of any considera- 
tion of order, separation, and betweenness 
accounts for the errors of omission in the 
theorem of the exterior angle, which theorem 
is fundamental for Euclid’s development 
of the theory of parallel lines—and it is 
all so unnecessary. A_ correct, much 
simpler proof of this theorem is available. 
Euclid is not entirely blameless, because 
Eudoxus before him had paved the way 
for a correct presentation. We might ex- 
cuse Euclid, however, for historical rea- 
sons. But we cannot excuse modern text- 
book writers who follow Euclid blindly, 
for not only had Archimedes pointed out 
the necessity of considering order rela- 
tions, but geometers have been stressing 
this point for nearly a hundred years. 

The proof of Proposition 1, Book I, is 
incomplete, because of the lack of a circle 
axiom. This is typical of most of Euclid’s 
construction theory. True, in Propositions 
20 and 22 (the triangle inequality theorem), 
Euclid states a necessary condition for 
the construction of a triangle, but he does 
not mention the word sufficient, and that is 
what is needed. Anyway, this is a little 
late for Proposition 1. 

6. Some of the proofs are logically incom- 
plete. 

One must understand that there are no 
incorrect propositions, merely incomplete 
(and therefore incorrect) proofs. An out- 
standing example is Euclid’s proof that: 
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“Tf two planes have a point in common, 
they have a line in common.” Actually, 
the proposition is true in 3-space and false 
in 4-space. The proof is entirely intuitive 
and without any logical basis. 

The outstanding examples of proof 
based upon intuition rather than logic are 
those involving the introduction of the 
physical concept of motion. It is true that 
a mathematical system of postulates and 
definitions for motion can be made, but 
this point of view is difficult and complex 
to develop, and is needless. All superposi- 
tion proofs contain half a dozen or more 
implicit assumptions. It is no wonder that 
Birkhoff and Beatley, in the Preface to 
their Basic Geometry, call such “proofs” 
demoralizing, and this point of view is up- 
held by any realistic mathematician. But 
the situation is even worse. Klein says, 
“The only conceivable purpose for Eu- 
clid’s Propositions 1, 2, 3 is to avoid the 
use of physical motion in order to prove 
Proposition 4, the (SAS) theorem. But 
then Euclid did not use them, perhaps 
recognizing that they were not sufficient 
for that purpose.” 


THE NEED FOR ANALYSIS 


Euclid’s presentation is so formal and 
ritualistic that it encourages memorizing 
rather than thinking; it omits all consid- 
eration of the analysis of a problem and 
merely presents a formal synthesis of the 
proof. Such ideas are directly out of line 
with those of Archimedes, the greatest of 
the ancient mathematicians, and with our 
own modern concepts of learning. 

Such a presentation gave rise to the 
false feeling that elementary geometry 
had attained perfection, and so delayed 
progress for a long time. It greatly under- 
estimates the value of analysis in thinking. 
Making an analysis first is much more in 
the spirit of scientific development than 
is the synthesis or polishing of the results. 
Indeed, after an analysis is made, the at- 
tempted synthesis may show the analysis 
to be incorrect or incomplete, and may 
point out errors of omission, as in Euclid’s 


proof of the (SSS) theorem (where sums 
are used when, in some cases, differences 
are called for). This points up the fact 
that Euclid’s use of unsigned magnitudes 
is out of step with even elementary alge- 
bra, where signed magnitudes are im- 
portant. 

When the analysis is correct and com- 
plete, then the synthesis may suggest 
further consideration of related ideas. Ex- 
cellent examples appear in a study by anal- 
ysis of the isosceles triangle theorem and 
its converse, using different auxiliary con- 
structions. The need for analysis is recog- 
nized in part by most of our modern text- 
book writers because of its pedagogical 
implications. Some lip service is given to 
the idea in current texts, if it can be done 
without interfering with the two-column 
format. But mere reference to §§ 22, 76, 
and 103 to cover the method of analysis, 
leaves the student and the instructor up in 
the air. Is it any wonder that geometry— 
the ideal reasoning discipline—became a 
matter of memory only, and is learned 
like a catechism? 


II. THE HOW: 
Do NOT REPEAT THE MISTAKES OF EvcLip 


It is no wonder, then, that Klein states 
in essence, “So many essential difficulties 
present themselves, precisely near the be- 
ginning of the first book, that there can 
be no talk about the attainment by Euclid 
of his ideal.”” Nor is it any wonder that 
Hilbert, Birkhoff, and others, as well as 
the Commission on Mathematics, the 
Illinois Study Group, and the School 
Mathematics Study Group (sponsored by 
important mathematics organizations and 
various foundations) all reached the con- 
clusion that to attain the ideal goal of 
Euclid we must have a fresh start. It will 
not be Euclid, but it will be geometry that 
is completely vindicated. For the past 
sixty years mathematicians have been 
trying to rewrite Euclid’s Elements in a 
form satisfactory for use in the schools, 
and today success seems near but not 
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certain. This writing is done in the spirit 
of Euclid—that is, it involves logical de- 
duction from a relatively small number of 
explicitly stated assumptions—but an ef- 
fort is made not to repeat the mistakes. 

1. We must begin formal geometry with 
undefined terms, stating explicitly what 
terms are undefined, and we must make pre- 
cise postulates about these undefined terms. 
It is not necessary and is actually unde- 
sirable to list all postulates at once; it is 
better to begin with a few and to see what 
can be done with these few. All this does 
not mean that a student should start the 
study of geometry in the formal way. In- 
deed, much informal geometry should be 
presented throughout the early grades. 

2. We make definitions for convenience 
only, and these definitions must be precise 
and never circumlocutory. We introduce 
more postulates and definitions as they 
are needed. At the end, or in earlier sum- 
maries, they can be collected and dis- 
cussed further if that is desired. 

3. It is not important what we assume, 
if the assumption is inconvenient to prove. 
It is essential to recognize every assump- 
tion we use and assiduously to avoid mak- 
ing proofs depend upon intuitive precon- 


ceived ideas or upon carefully drawn fig- . 


ures. A figure has a very important heu- 
ristic value, but the fact that a figure must 
be used to complete a proof is prima facie 
evidence that something is wrong. 

4. We should plan the course in geometry 
so that it can be integrated with other 
branches of mathematics. We should bear 
in mind the connection between algebra 
and geometry, and look ahead to analytic 
geometry. We should, however, never lose 
sight of the fact that there can be no an- 
alytic geometry in the sense of Descartes 
without first having geometry with its 
theory of congruent triangles, parallel 
lines, similar triangles, and the theorem 
of Pythagoras. 


Tue HILBERT OR SYNTHETIC APPROACH 


After the mistakes of Euclid have been 
pointed out, it is not too difficult to cor- 


rect them by introducing the needed 
assumptions. This is precisely what Hil- 
bert did [4]. His idea was to stay as near 
the form of Euclid as possible and to sup- 
ply precise postulates which can be made 
the basis of correct proofs of all the propo- 
sitions of Euclid’s Elements. These postu- 
lates are concerned with the following 
ideas: (1) axioms of incidence, (2) axioms 
of order of points on a line and the ex- 
tension of these ideas to order relations in 
a plane by means of some type of trans- 
versal axiom (Hilbert used an axiom due 
to Pasch), (3) axioms concerning and re- 
lating congruent segments and congruent 
angles. These are the essential ideas 
needed to fill in the gaps left by Euclid. To 
complete the system, a parallel postulate 
and a continuity postulate are required. 

Euclid did not write for schoolboys, but 
for the scholars and philosophers of his 
day. Neither did Hilbert write for school- 
boys. The Hilbert approach is too sophisti- 
cated for a beginning course in geometry. 
The preliminary report of the School 
Mathematics Study Group Committee on 
Tenth Grade Mathematics states that a 
tenth-grade course based on Hilbert’s 
postulates would, in its opinion, be so un- 
teachable as to be ridiculous. This is 
borne out by the initial failure of the IIli- 
nois experiments, which did not build 
enough upon the student’s experience. The 
Illinois program is under modification, 
and an attempt is being made to give the 
student more algebraic experience before 
the study of geometry is begun. The 
School Mathematics Study Group ap- 
proach uses many of Hilbert’s ideas, but 
combines them with other very important 
concepts. 


Tue BIRKHOFF OR ARITHMETIC APPROACH 


What then is the solution to the prob- 
lem? Arithmetize geometry! This is the 
Birkhoff approach, based upon the stu- 
dent’s knowledge of arithmetic and very 
elementary algebra, and the simple use 
of a scale and a protractor. It is the basis 
of the School Mathematics Study Group 
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approach to geometry. The Study Group 
is writing both text material and a teach- 
er’s manual along this line. The funda- 
mental axioms are the Postulate of Linear 
Measure and the Postulate of Angular 
Measure, based upon arithmetical ideas 
familiar to the student. Congruence is 
introduced by definition. These are pre- 
cisely the most important ideas needed to 
study trigonometry and analytic geom- 
etry. They make use of the learner’s ex- 
perience with the scale and protractor and 
bypass the difficulties (due to the student’s 
age) of continuity. The approach employs 
strong assumptions, but it does not try to 
fool anybody. These assumptions supply 
plenty of exercise in proving easy theorems 
at the very beginning, and proof, not 
memory, is emphasized at the outset. Of 
course other postulates are made as needed 
—a Postulate of Separation of the plane by 
a line, a Parallel Postulate in Playfair’s 
form, and the (SAS) Postulate. A Propor- 
tionality Postulate, to develop the theory 
of similar triangles, can be made, but 
after much discussion the Group decided 
to prove the basic similarity theorem on the 
basis of the area concept (Legendre’s ap- 
proach), after presenting the postulates 


The concept of function’ 


needed to develop the concept of the 
measure of area. This again enables one to 
bypass the difficult continuity concept, as 
well as to give the background for several 
proofs of the theorem of Pythagoras. The 
groundwork for the study of circles and 
spheres, either synthetically or by means 
of Cartesian co-ordinates in two or three 
dimensions, has been laid. How far one 
goes is a matter of the audience. 

Let us close with a misquotation: “The 
good that men do lives after them; their 
mistakes are often interred with their 
bones.” So may it be with Euclid, so that 
his glory and ideal shall live forever, with 
geometry completely vindicated. 
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by J. F. Wampler, Nebraska Wesleyan University, Lincoln, Nebraska 


It has become evident that most of the 
current college texts which attempt to in- 
tegrate the traditional topics of first year 
mathematics are using as their unifying 
concept that of function. Because of the 
great importance of this concept in mathe- 
matics and because of the recent emphasis 


1 Presented to the Nebraska Section of the Mathe- 
matical Association of America, April 18, 1959. 
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upon it as a unifying principle, I feel that 
we should be particularly careful in our 
presentation of this idea to students. I 
believe that there is a serious need for 
agreement on the part of mathematics 
teachers concerning the definition, nota- 
tion, and language used in working with 
functions. 

Eves and Newsom give a concise ac- 
count of the development of the function 


concept from Descartes to the present 
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day. The early part of this account reads 
as follows? 


The concept of function . . . has undergone 
a marked evolution, and every student of 
mathematics encounters various refinements of 
this evolution as his studies progress from the 
elementary courses of high school into the more 
advanced and sophisticated courses of the grad- 
uate college level. 

The history of the term ‘‘function” furnishes 
an interesting example of the tendency of 
mathematicians to generalize and extend their 
concepts. The word ‘‘function” seems to have 
been introduced by Descartes in 1637, who em- 
ployed the term simply to mean some positive 
integral power, 2", of a variable x. Somewhat 
later, Leibnitz (1646-1716) employed the term 
to denote any quantity connected with a curve, 
such as the coordinates of a point on the curve, 
the slope of the curve, and so on. Johann Ber- 
noulli (1667-1748) regarded a function as any 
expression made up of 4 variable and some con- 
stants, and Euler (1707-1783) regarded a func- 
tion as any equation or formula involving 
variables and constants. This latter idea is the 
notion of a function formed by most students of 
elementary mathematics courses. The Euler 
concept remained unchanged until Fourier 
(1768-1830) was led, in his investigations of 
heat flow, to consider so-called trigonometric 
series. These series involve a more general 
type of relationship between variables than had 
previously been studied, and, in an attempt to 
furnish a definition of function broad enough to 
encompass such relationships, Lejeune Dirichlet 
(1805-1859) arrived at the following formula- 
tion: A variable is a symbol which represents 
any one of a set of numbers; if two variables z 
and y are so related that whenever a value is as- 
signed to z there is automatically assigned, by 
some rule or correspondence, a value to y, then 
we say y is a function of z.... 

The student of mathematics usually meets 
the Dirichlet definition of function in his intro- 
ductory course in calculus. The definition is a 
very broad one and does not imply anything 
regarding the possibility of expressing the re- 
lationship between x and y by some kind of 
analytic expression; it stresses the basic idea of 
a relationship between two sets of numbers. 


I recall that when I first met the 
Dirichlet definition of function in my in- 
troductory course in calculus, I thought 
about and tried to understand the defini- 
tion, and I constantly encountered the 
question, “But what is the function?” Is 


? Howard Eves and Carroll V. Newsom, An 
Introduction to the Foundations and Fundamental 
Concepts of Mathematics (New York: Rinehart & 
Company, Inc., 1957), pp. 250-251. Quoted by per- 
mission. 


Figure 1 


it the variable y? Is it the rule or cor- 
respondence? Or is it somehow both of 
these or perhaps more? The definition 
seems to say that if I consider a set of 
numbers (say the set of nonnegative 
reals), then for each value of x (a nonnega- 
tive real) there is automatically assigned, 
by some rule (say “the number whose 
square is equal to z’’), a value to y (in this 
case also a real number). If by function is 
meant the variable y, then there is some 
ambiguity in this example because, for 
x=4, y could be either 2 or —2. If by func- 
tion is meant the rule, then in this ex- 
ample it might be stated as the equation 
y’ =x. This, however, can also be confus- 
ing since the equation does not indicate 
what values may be assigned to z. Is the 
function then a system consisting of a set 
of numbers and a rule? To further confuse 
the concept, according to another fre- 
quently used definition of function the 
above example is not a function at all. 
Perhaps this illustrates the need for fur- 
ther clarification of this concept. 

In an attempt to clarify this definition, 
many authors have simply defined the 
function to be the rule, or, to be a bit 
more sophisticated, the mapping of one 
set, A, into another set, B. The Kansas 
Summer Writing Group, which wrote Uni- 
versal Mathematics, Vol. 1, published by 
the Mathematical Association of America, 
decided upon the latter course—that is, 
to define a function as a system composed 
of two sets along with the mapping. 

The most recent definitions of function 
utilize the concept of set and are gen- 
eralizations of the Dirichlet definition 
given above. Consider two sets A and B, 
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whose elements are not necessarily num- 
bers. The set 


{ (x, y); rE A, yEB} 


is called the cross product of A and B, and 
is denoted by AX 8B. Any subset of AXB 
is called a relation. For example, consider 
the set I XI, where I represents the set of 
integers, and let and Then the 
set 


R={ (x, y); x<y} 


is a relation. Notice that for any ordered 
pair of integers, say (2, 5), either (2,5)ER 
or (2, 5) ER. Instead of writing (2, 5)ER, 
we usually write 2 2 5, or since the symbol 
for “less than” is “<”, we write 2<5. 
The set of all first elements of the ordered 
pairs belonging to F is called the domain 
of the relation, and the set of all second 
elements of the ordered pairs belonging 
to R is called the range of the relation. 
Notice that in a relation there may be 
two ordered pairs with the same first ele- 
ment. In our example, 2 R 5 and also 
2 R 4, as well as an infinite number of 
other ordered pairs with 2 as the first ele- 
ment. 

If a relation R is such that no two 
ordered pairs belonging to R have the 
same first elements, that is, if (x, y)ER 
and (x, z)ER implies that y=z, then the 
relation is called a function. Notice that 
the function is a set of ordered pairs whose 
first elements belong to the domain and 
whose second elements belong to the 
range. If the name of the function is f, then 
f(x) is used to denote the second element 
of the ordered pair belonging to f which 
has the first element x; f(x) is called the 
value of the function f at x. For example, 
the trigonometric function called sine 
would consist of a set of ordered pairs of 
real numbers whose domain is the set of 
real numbers and whose range would be 
the set of real numbers in the interval 
[—1, 1]. Then sin(x/2) would denote the 
second element of the ordered pair be- 
longing to sine whose first element is 1/2. 
It of course follows then that sin(#/2) = 1. 


Should this definition be adopted as stand- 
ard for high schools and colleges, it would 
mean a change in notation and a much 
more careful use of our language. 

A final example will now be given to 
illustrate how the use of this latter defini- 
tion of function might make generaliza- 
tion more meaningful for certain other 
concepts in mathematics. Consider a func- 
tion f: (x, y) whose domain A and range 
B are subsets of the set of reals. Let a be 
an element of A, and b be an element of 
B. We say b is the limit of the function f at 
a if for every real number e>0 there exists 
a real number 6 such that if 


then 
| f(z)—b| <e 


That is, if c belongs to the set of real num- 
bers, excluding a, on the interval (a—é, 
a+6), then the value f(z) belongs to the 


set of real numbers on the interval (b—«, | 


b+e). 

To generalize this definition of limit of a 
function, suppose the function f: (x, y) has 
domain A and range B, each of which is a 
subset of a Hausdorff space H. Let a be 
an element of the closure of A in H, and 
let b be an element of B. Then b is the limit 
of the function f at a if for every neighbor- 
hood N, of b there exists a neighborhood 
N, of a such that if 


tENf\A—{al 


then f(x) EN. 

In summary, the definition of a func- 
tion as a set of ordered pairs has several 
advantages over the Dirichlet definition. 
The former is easier to teach and easier 
to understand because it is more precise 
and less ambiguous. This definition facili- 
tates work with graphing functions since 
each element of a function is merely inter- 
preted as coordinates of a point in the 
plane. Finally, as illustrated, this defini- 
tion of function facilitates generalization 
of definitions and theorems concerning 
the function concept. 
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Reviews and evaluations 


Edited by Kenneth B. Henderson, University of Iliinois, Urbana, Illinois 


BOOKS 


Analytic Geometry and an Introduction to 
Calculus, A. Clyde Schock and Bernard §S. 
Warshaw (Englewood Cliffs, N.J.: Prentice- 
Hall, Inc., 1960). Cloth, 165 pp., $3.96. 


According to the authors, this book is 
“| ..-written to help bridge the gap between 
the mathematics usually taught in the senior 
year of high school and this mathematics of the 
freshman year of college.’’ The book could be 
used as a text in a survey course in analytic 
geometry and the introduction to calculus, but 
the treatment is by no means rigorous or 
thorough. This might be the answer for some- 
one looking for a text for a one-semester course 
in the fourth year of high school. It would not 
be sufficient for preparing students for ad- 
vanced placement. 

The analytic geometry is approached in the 
traditional way. Without giving a definition of 
a variable, the authors define a function as a 
relationship between two variables such that 
for each value of one variable, there corre- 
sponds one value of the other. The graph of a 
function is presented as a ‘‘smooth curve”’ con- 
necting a number of points found by substitut- 
ing values for the independent variable, and 
getting the corresponding values for the de- 
pendent variable. At several places in the text 
the curve is described as being generated by a 
moving point. Only in the case of the first de- 
gree equation is there a proof that the equation 
ean be represented graphically by a straight 
line. The conics are defined as loci, and the 
standard forms are derived. There is, however, 
no mention made of the fact that every number 
pair which satisfies the equation represents a 
point on the locus. There is also no mention 
made of the degenerate conics, or of equations 
which have no graphs. It is also suggested that 
all curves be sketched neatly without the use of 
graph paper. 

The chapter on polar co-ordinates develops 
only the simple equation for the-line through the 
pole, and the equations for the circles with 
center at the pole or on the polar axis. A few of 
the other loci in polar form are given in the list 
of exercises. There is no material on parametric 
equations nor on the trigonometric functions. 
There is only a brief section on the exponential 
and logarithmic functions, and the hyperbolic 
functions are omitted. 

In the introduction to the calculus, the con- 
cept of limit is arrived at intuitively, and then 


presented as a general definition. The deriva- 
tions of the formulas for the differentiation of 
the algebraic functions are quite clear and good. 
Again, there is no material on the trigonometric 
or exponential functions. Integration is pre- 
sented inductively as the inverse process of 
differentiation. There is a chapter on the ap- 
plications of the derivative with a section on 
maxima and minima, and one on related rates. 
There is, however, only a limited amount of 
material on the applications of integral calculus. 

There is a sufficient number of problems in 
each section, but they are not varied. Most of 
the problems closely follow the examples 
worked out in the text. There are very few 
challenging questions for the better student. All 
of the formulas developed are collected in an 
appendix, and the answers to most of the odd- 
numbered problems. are given.—Leroy Sachs, 
Clayton High School, Clayton, Missouri. 


Elementary Statistics, Sidney F. Mack (New 
York: Henry Holt and Company, Inc., 
1960). Cloth, ix+198 pp., $4.50. 


Society’s demand for still more technology, 
and its increasing faith in the need for applying 
the scientific method to more fields of endeavor, 
has created a need for educational institutions to 
provide more training in mathematics and sta- 
tistics. Elementary Statistics is a concise text- 
book written for an elective statistics course 
designed to give mathematics credit to college 
freshman or sophomore students in nontechni- 
cal curricula. The book could be divided 
basically into four parts: (1) the development 
of elementary probability; (2) probability dis- 
tributions and statistical estimation; (3) the 
rationale and process of testing hypotheses; and 
(4) the development and interpretation of 
linear correlation and regression. 

Where appropriate, the brief and cogent 
presentation is enhanced by excellent figures 
and diagrams which clearly portray the con- 
cepts under discussion. This is a rare combina- 
tion found in few statistics textbooks. The con- 
cise and ‘fast-moving’ approach is preserved 
by placing the treatments of complicated der- 
ivations of important concepts in the ap- 
pendixes. To assure and emphasize the position 
of these concepts in the development of the 
discipline, general statements are made about 
them, each of which is labeled a “theorem.” 
These statements are supported by illustrative 
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examples and instructive problems which fur- 
ther clarify the concepts involved. Although the 
book is brief, brevity has not ruled to the extent 
that it impairs the presentation. A brief treat- 
ment of any subject neceseitates the sacrifice 
of certain elements and refinements. The sacri- 
fice here was in the depth of examination of the 
topics covered. This sacrifice, however, in no 
way causes any vagueness or lack of clarity. 
The general theme stands out clearly, and its 
continuity is preserved throughout. 

Some readers might feel that author Mack 
is guilty of mathematical “obscenities,” be- 
cause he uses freely such nasty words as 
“transposing” and “canceling.” The forthright 
style of the author, however, lends an infor- 
mality to the discussion that in all probability 
makes the subject more accessible to the stu- 
dent with a limited mathematics background. 
Although the book has been written for college 
freshman or sophomore students with ‘‘a mini- 
mum of one semester of elementary college 
algebra or a good grounding in high-school 
algebra,”’ there is no reason why it could not 
be used as a textbook for qualified high school 
students in a senior year “honors” statistics 
course. 

Since a background in algebra is required of 
students who use the book, most of the material 
covered in the ‘‘Mathematics Refresher” chap- 
ter could have been omitted. By the same token, 
less coverage could have been accorded certain 
details of elementary probability, with more 
emphasis on testing hypotheses. This would 
have resulted in a better “balance” between 
probability theory per se and its applied role in 
the field of statistics. Except for these minor 
difficulties, and an unfortunate “‘multiple-usage”’ 
of the letter ‘‘t’”’ which causes some confusion in 
symbolism, the book is well written, and prob- 
ably will prove to be one of the first successful 
efforts in the ‘“‘short book” approach to the 
broad field of elementary statistics —Joseph E. 
Hill, Wayne State University, Detroit, Michigan. 


Elements of Algebra, 3rd ed., Howard Levi (New 
York: Chelsea Publishing Company, 1960). 
Cloth, xi+161 pp., $3.25. 


This book is a refreshing change from the 
usual run of mathematics textbooks. It makes 
every effort to preserve the logical elegance of 
the subject and to give the reader a glimpse 
into the heights to which mathematics can take 
him. But, in the opinion of the reviewer, it 
seems doubtful whether the author is likely to 
achieve his aim with anyone but the “‘initi- 
ated’’—i.e., the mathematically gifted or sophis- 
ticated. 

The author intends his book as the text for 
a course serving two purposes. The first one— 
that of providing “the first of a sequence of 
mathematical courses leading to advanced work 
in mathematics and related subjects’’—the re- 
viewer agrees is likely to be served by the book. 


It should also be a good screening device for 
separating the sheep from the goats. It is not 
likely to fail to fire with enthusiasm the mathe- 
matically gifted student, and to give him a 
taste for the joys in store for him. On the other 
hand, the student not gifted with either a love 
for the logical or the ability to comprehend the 
intricacies of the subject is very likely to be 
scared away from the field, although he will do 
so with a healthy respect for what he is leaving 
behind. 

There seems no reason to doubt that the 
second purpose—that of ensuring that “the 
liberal arts student” will be “exposed to genuine 
mathematical problems’’—will be satisfied by 
the book; but the question remains whether the 
effects of this exposure will always be good. The 
reviewer fears that the diet might prove too 
rich for the general run of students. 

While on the whole the development of 
topics is truly masterly, there are a few weak- 
nesses to which it is necessary to call attention. 
The author fails to make clear enough the dis- 
tinction between symbols and the objects the 
symbols designate. This is especially to be de- 
plored since the distinction becomes a necessary 
one in the development of certain concepts. For 
instance, a variable is defined as a symbol. It is 
said to play “the same role as the blank space.” 
It is said to refer to a set which is called its 
domain—..e., it serves to designate the members 
of a set. In other words, according to the author 
a variable is a symbol which stands for any one 
of the members of a specified set. It does not 
then seem correct to the reviewer to speak of re- 
placing a variable ‘“‘by a member of its domain.” 
The variable may be replaced by a symbol 
which designates a member of its domain, but it 
cannot be replaced by the thing itself. While it 
may be argued that this is too trivial a point, 
the reviewer would like to point out that in a 
book which purports to be a representation of 
the finer points of mathematics such a con- 
fusion could defeat the purpose for which the 
book was written. 

Another place where the failure to make this 
distinction clearly is likely to interfere with the 
clear formation of a concept is in the section 
dealing with the definition of a cardinal num- 
ber. The author defines ‘‘the cardinal number of 
a finite set to be the name (italics not in the 
original) of the standard set....” But in the 
ensuing section it is clear that a cardinal num- 
ber is not a name but the thing designated by 
the name—e.g., “... it turns out that 12 and 
7+5 designate the same cardinal number.” 
This confusion persists until one almost wonders 
whether the author meant to call both the 
symbol and the thing designated by the symbol 
“a cardinal number.’”’ On page 35 he says, 
“If each variable... is replaced by a cardinal 
number, then the combination of symbols thus 
obtained designates a cardinal number.” 

There is another topic that could have been 
treated more precisely. In talking about state- 
ments the author often talks of “proving state- 
ments” by which he means proving that the 
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statements are true. This could very well lead 
to confusion, especially as some theorems are 
proved by proving certain statements to be 
false. This implies that statements could be 
proved either true or false, so that the phrase 
“proving a statement” is ambiguous in its refer- 
ence. 

The next criticism bears on the book as a 
textbook. It is too concise and concentrated to 
be a good textbook. Very many of the discus- 
sions are extremely abstract and rather un- 
clear, and often no concrete examples are given 
to illustrate the point. This would not be too 
much of a drawback in the hands of a skillful 
teacher who is also a competent mathematician 
able to supply the necessary explanations and 
examples. But should a textbook presuppose 
such fortunate circumstances? The fact that no 
answers are supplied for the exercises at the end 
of each chapter also points to the necessity for 
a sophisticated teacher. 

Finally, the reviewer found the numbering of 
theorems unsatisfactory. The theorems are 
numbered afresh in each chapter, making it 
necessary for anyone referring to them to quote 
the chapter as well as the number of the the- 
orem. This is an inconvenience which could 
have been easily avoided by numbering the 
theorems in a continuing sequence without ref- 
erence to chapters. 

On the whole, although the book is intel- 
lectually stimulating, in its present form it is 
not likely to be very useful as a textbook except 
in the hands of a skillful and sophisticated 
teacher. There is much to commend the book, 
and the reviewer feels that all serious students 
of mathematics would benefit by reading it. It 
provides not only a valuable intellectual ex- 
perience but also a pleasant excursion into the 
heights of abstraction —Nageswari Rajaratnam, 
University of Illinois, Urbana, Illinois. 


General Mathematics, Lucien B. Kinney, Vincent 
Ruble, and M. Russell Blythe (New York: 
Henry Holt and Company, 1960). Cloth, 
x +595 pp., $4.20. 


It seems reasonable to evaluate a textbook 
in terms of how well it accomplishes its stated 
purposes. In their T’eacher’s Manual the authors 
list the following three purposes for their book: 


“(1) To provide for activities in the class- 
room and outside that will make arithmetic 
interesting and meaningful. (2) To introduce 
many applications of arithmetic at the level of 
the student’s interest so that he can see the 
value of arithmetic and its relationship to and 
importance in everyday affairs of living. (3) To 
introduce experience in algebra and geometry 
that will be useful and meaningful to the stu- 
dent, and also to test out the ability of the 
student to handle these subjects.” 


In this reviewer’s opinion, General Mathe- 
matics only partially fulfills these purposes. 


The “interest” portion of the first objective 
is difficult to assess, but with the exception of 
optional problems for the better student (which 
are generally several cuts above the average), 
the usual topics applied in the usual situations 
appear throughout the book. The photography, 
art work, and use of color are certainly assets. 
In judging how the book promotes ‘‘meaning- 
ful” learning of arithmetic, one must stipulate 
how the term ‘‘meaningful” is being used. If by 
“meaningful” the authors mean a clear exposi- 
tion of prescriptions for performing arithmetic 
processes plus examples and practice, then (with 
some exceptions) they have succeeded. More- 
over, their emphasis on the steps of problem- 
solving is handled in an exemplary manner. 
Practice in each step of the process and frequent 
review of the procedure may be found through- 
out the book. On the other hand, if ‘‘meaning- 
ful” refers to understanding or insight into the 
structure of arithmetic beyond the “how-to” 
level, then this book is unsatisfactory. Let me 
quote from the development of division of 
fractions (pp. 144-145) to illustrate: 


“To divide 5 by 5/8, write 5 as an improper 
fraction, with 8 as the denominator. 40/8+5/8. 
Then divide numerator by numerator 
(40+5=8) and denominator by denominator 
(8+8=1). You have: 40/8+5/8=8/1=8. A 
quicker way is to put [italics mine] 5 in the 
denominator and 8 in the numerator. Then we 
can use cancellation, thus: 


1 
5/1X8/5=8/1=8. 
1 


Here is a simple rule for dividing by a fraction 
or mixed number: 


Rule: 1. Change any mixed number to an im- 
proper fraction. 
2. Invert the divisor and multiply.” 


Loose language is found in a number of 
places in the book. For example: ‘‘To reduce a 
common fraction to lowest terms, divide both 
the numerator and denominator by the same 
number—the largest that will go into both 
terms” (p. 167). Thus, one might logically de- 
fend the following: to reduce 5/6 to lowest 
terms, divide numerator and denominator by 
5 since 5 goes into both 5 and 6. The Glossary 
affords more examples of loose language. These 
may be found on its first page: 

“Algebra: expressing number ideas with 
letters or symbols. 

Angle: the figure formed by two intersecting 
lines. 

Approximate number: a number that repre- 
sents a nearly, but not precisely, exact meas- 


urement. 
Base: the line or surface on which a plane 
figure or solid rests.” 


The book’s second purpose, ‘“‘to introduce 
many applications of arithmetic... ,” is suc- 
cessfully accomplished as long as we take 
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“introduce” to mean something other than, 
“for the first time.’’ Authors of ninth-grade gen- 
eral mathematics books are hard pressed to find 
suitable arithmetic applications which have not 
already been exploited by the upper elementary 
and seventh and eighth grade texts. 

The chapter devoted to algebra ceviates 
from the prescriptive “how-to” exposition so 
common elsewhere in the book. The solution of 
simple linear equations is presented in an in- 
tuitive manner by using the analogy of the bal- 
ance. The work in geometry primarily deals with 
a variety of constructions presented in a pre- 
scriptive manner; the triangle; and areas and 
volumes of various figures. 

A maintenance and remedial program is in- 
cluded, with periodic tests related by references 
to practice work in the final chapter. The Teach- 
. er’s Manual contains suggested classroom objec- 
tives and procedures for each section, supple- 
mentary work, suggested assignments, and 
answers to all excercises and questions. 

By some standards General Mathematics 
might be an acceptable textbook, but for this 
reviewer its good features cannot balance out its 
mathematical and pedagogical deficiencies.— 
Robert B. Kane, Purdue University, Lafayette, 
Indiana. 


MISCELLANEOUS 


Praxis der Mathematick: Monatshefte der reinen 
und der angewandten Mathematick im Unter- 
richt (‘Practice of mathematics: Monthly of 
pure and of applied mathematics in instruc- 
tion’) (Cologne, West Germany: Aulis- 
Verlag, Teubner and Company KG.). 
18DM. per year, plus postage. 


This new German mathematical monthly, of 
which the first issue appeared in April, 1959, is 
devoted to the problems of teaching mathemat- 
ics at what corresponds roughly to high school 
through junior college level in this country. It 
contains articles, a problem section, book re- 
views, and news and notices. 

The nature of the articles, many of which 
resemble the “Classroom Notes” of the A meri- 
can Mathematical Monthly, is suggested by the 
following selected list of titles: 


On the treatment of number theory in the 
upper grades 

Affinity and central collineation in descrip- 
tive geometry 

On the inverse relationship of the e-function 
and the logarithm 

Nomogram for determination of gas volumes 

The introduction of the root in instruction 

Rocket flight as a subject for upper class in- 
struction 

The numerical fitting of surfaces 

Aristotle and Eudoxus 


New results on Babylonian arithmetic, alge- 
bra, and geometry (a series and an inter- 
esting one) 

Stirling numbers and * =z =I1n (e*) 

Linear programming 

On the status of mathematical instruction in 
France 

Biological growth functions 

A method of treating special! relativity 


These articles are written in elementary, 
classical, expository style. They reflect a greater 
interest in history and a greater concern with 
applications than is common in American jour- 
nals. The problems are often of standard text- 
book type. Contrasting all this with the concern 
of the corresponding American journals with 
changing curricula and elementary research, I 
believe that most of our readers would consider 
Prazis a little behind the times.—Franz Hohn, 
University of Illinois, Champaign, Illinois. 


A Survey of Basic Mathematics, H. G. Apostle 
(Boston: Little, Brown and Company, 1960). 
Cloth, xv +464 pp. $6.00. 


This text is divided into five sections: Arith- 
metic, Algebra, Geometry, Applications (Prob- 
ability, Statistics, Logarithms, Trigonometry, 
Vectors), and Introducing Higher Mathematics 
(Analytical Geometry, Calculus). There are also 
an Introduction (Logic) and brief Appendices. 
The Preface begins thus: ‘‘This book has been 
prepared primarily to meet the mathematical 
needs of liberal arts students who do not plan to 
continue the study of mathematics. Little 
mathematical knowledge beyond the elementary 
arithmetical operations is presupposed on the 
part of the student.’’ Any consideration of the 
text must take this into account. 

The appeal to the nonmathematical student 
is apparent throughout the text. Each topic is 
presented in rather elementary terms, and in 
conveniently simple situations. For example, 
analytical geometry occupies 29 pages, of which 
only 8 are devoted to conic sections. Each of the 
conic sections is described verbally and analyti- 
cally, centered at the origin. There are no 
troublesome complications for the student to 
worry (or think) about. Calculus is presented in 
36 pages, 28 for differential calculus and 8 for 
integral calculus. Only polynomial functions are 
used, and none of higher degree than three. 

The text is skillfully written and easy to 
read. The mathematical ideas, though severely 
limited in scope, are accurately presented, gen- 
erally speaking. The essential question is 
whether or not this is the way in which mathe- 
matics should be presented, even to the non- 
mathematical student. Rigor has been replaced 
by an appeal to intuition, and the word “evi- 
dent’’ is used frequently. Granted that this may 
at times be desirable, it would still seem impor- 
tant for the nonmathematical student to know 
the place of rigorous proof in the development 
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of mathematics. And good proofs require good 
definitions, which the text often avoids at the 
expense of excess verbiage. For instance, more 
than a page is devoted to the meaning of “‘in- 
verse operations,”’ but still with limited results. 
One good definition would have sufficed, such as 
“If f and g are functions which are so related 
that (fo g)(z) =z for every element z in the 
domain of g and (g o f)(y) =y for every element 
y in the domain of f, then f and g are said to be 
inverses of each other.’’! 

The brevity with which each topic is pre- 
sented precludes a thorough treatment. The sur- 
face is skimmed, rather than the depths probed. 
Even so, the main topics in arithmetic, algebra, 
and geometry are adroitly handled, but with a 
few exceptions. In all of the 92 pages devoted to 
algebra, there is no mention of inequalities. One 
would expect to find this topic, with its applica- 
tions to linear programming, mentioned in a 
survey course. The treatment of trigonometric 


1“Elementary Functions,’”’ School Mathematics 
Study Group (New Haven: Yale University, 1960), 
p. 275. 


functions seems limited, using the definitions in 
terms of the ratios of the sides of a right triangle. 
The periodic function approach is more inter- 
esting, and much more powerful. Why deny it to 
liberal arts students? The logarithm is presented 
without any mention of its domain and range, 
with no emphasis on its inverse relation to the 
exponential function, and with no idea of what 
its graph shows. This reviewer would have pre- 
ferred a thorough treatment of these and other 
topics, at the expense of the introductions to 
analytic geometry and calculus. 

It is hard to conceive of this text’s fitting into 
the emerging secondary school curriculum. Its 
lack of thoroughness, and a corresponding lack 
of appeal to the student’s intellectual curiosity, 
make it unsuitable. It is conceivable, however, 
that in certain liberal arts colleges or junior col- 
leges a survey course in mathematics (perhaps 
roughly comparable to a music appreciation 
course at an engineering college) is desirable for 
those students who have forgotten what little 
mathematics they once knew. For such students, 
this text would be quite appropriate ——John K. 
Moulton, Brookline High School, Brookline, 
Massachusetts. 


Much ado about nothing 


I am Zero. 

Elementary school children and other un- 
educated people sometimes call me nothing. 

But, if I must say so myself, I am really 
something! 

True, [ arrived on the scene rather late in the 
day. Possibly my so-called nothingness made me 
elusive to grasp. 

But I was there all the time, a shadow lurk- 
ing in the background, laughing to myself at 
man’s resultant ineptitude, because he could 
not locate me. 

Enfin came Zero! 

People for a long time continued to argue 
whether I should be allowed into the select 
circle of numbers or not. But inevitably, they 
capitulated to the force of logic. 

Today, I find myself at the center of the 
numerical universe. On one side are all the posi- 
tive real numbers extending to infinity; on the 
other, there are the negatives; and in all di- 
rections, the numbers of the complex domain. 

All roads lead to Zero. I am the general point 
of reference in all co-ordinate systems: for a line, 
it is Zero; for a plane, it is Zero, Zero; for three- 
dimensional space, I became Zero, Zero, Zero; 
for four-dimensions, Zero, Zero, Zero, Zero; and 
so on to infinity. Truly, my personality has 
multiple facets without limit. 
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Then there is the lowly infinitesimal—a 
transient being of no particular value which ap- 
proaches me as a limit. Approaches, I say— 
through many stages and degrees with some- 
thing of a sense of awe and confusion. 

And who makes all the difference, whether in 
the field of science, industry, or finance? Just 
write six of me after any numeral and note the 
change in significance. Between the numeral for 
a lowly one and a magnificent million, the dif- 
ference is six Zeros. In the other direction, six 
Zeros behind a decimal point will change a one 
to one one-millionth. One with a mere hundred 
Zeros after it is called a Googol, a figure that 
staggers the human imagination. But all people 
have done is place a hundred so-called Nothings 
after one. Oh! the power of Me! 

I am Zero!! 

And who is master of the situation? The 
mathematician, in his conceited thoughtlessness, 
believes he has created me. But I was there all 
the while, only he was too stupid to discover 
me. Today, he finds me indispensable. But on 
the other hand, he is bedeviled by me to the 
point that he has to outlaw division by Zero! 

O victorious analysis, whither art thou?— 
Brother U. Alfred, F.S.C., St. Mary’s College, 
California. 
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@ TIPS FOR BEGINNERS 


Pet peeves and pitfalls 


Some time ago a popular national maga- 
zine offered a regular feature column 
which developed a theme that can be para- 
phrased, “They ought to....” In that 
column readers noted their pet peeves and 
dared others to carry through plans to 
alleviate the situations described. In the 
same vein, I intend to point out my pet 
peeves in the teaching of mathematics 
with the hope that others may avoid the 
pitfalls that these small problems create in 
the classroom. 

They ought to outlaw the use of the term 
“transposition” and the sense of the opera- 
tion which it describes. Students are all too 
prone to buy a technique without care- 
fully justifying its use. Thus, most stu- 
dents arrive on the secondary school scene 
firmly embracing the concept of trans- 
position. To them it refers to the move- 
ment of a term from one side of an equa- 
tion to the other and involves a change of 
sign as it passes to the new side. Unfor- 
tunately, the dominant idea seems to be 
one of movement and even the best of 
students commonly err and fail to alter 
the sign. I insist that pupils use the phrase 
“add (or subtract) the term to (or from) 
each side of the equation.” I find that con- 
tinual stress on this small point results in 
far fewer “‘careless’’ errors. 

They ought to rename improper fractions. 
Somewhere within their elementary educa- 
tion American youths have been carefully 
instructed in the secrets of transforming 
an improper fraction into a mixed number. 
However, the mere term “improper” 


Edited by Joseph N. Payne, University of Michigan, Ann Arbor, Michigan, 
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by W. Rodman Snelling, Morgan Park Academy, Chicago, Illinois 


seems to have conveyed to them the neces- 
sity of avoiding improper fractions com- 
pletely. Whenever they are confronted 
with such a fraction they want to change 
it immediately—after all, it is improper. 
They are most reluctant to accept argu- 
ments presented by a teacher in favor of 
retaining the improper fraction form be- 
cause it lends itself readily to algebraic 
operations and simplified notation. I have 
found that a few moments in class devoted 
to the selection of a new name for this 
type of fraction pays handsome dividends. 
Everyone gets into the act, and some 
name such as “top-heavy” is usually 
adopted. After this, the students are much 
more willing to accept the fact that there 
is nothing improper about an improper 
fraction except the term “‘improper’’ itself. 
They ought to justify the rationalization 
of fractions. Most texts I have encountered 
make no attempt to justify the need for re- 
moving radicals from denominators of 
fractions. Quite rightfully, most intelligent 
students will question why the procedure 
is desirable. Merely to say that it will 
simplify the fraction and leave it in a 
form that will combine readily with other 
quantities is insufficient. Certainly, to the 
student 
1 


looks little different from 
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Motivation for the study of rationaliza- 
tion can, however, be quickly created by 
examining 

V2 
Upon multiplication by 

the fraction becomes 


9 


and then, accepting 1.414 as an approxi- 
mate value for \/2, the students can be 
challenged to obtain an approximation for 


V2 


while the teacher obtains an approxima- 
tion for 


More important mathematically is the 
fact that the students are using the idea 
that a set of numbers of a certain form is 
closed under the operation of division; 
that is, that they can always divide any 
two numbers in the set, with the usual ex- 
ception of division by zero, and obtain a 
quotient of the same form. 

They ought to be more explicit when dis- 
cussing factors of algebraic expressions. 
Teachers commonly consider an expres- 
sion such as x?—2 to be unfactorable. It 
‘an be awkward if a student later notes 
that the product (#+/2)(r#—+/2) is 
equal to z?—2. When the factoring of the 
difference of two squares is first consid- 
ered, an example such as the one above 
should be examined and factored; and the 
teacher and the textbook should point out 
that to say it cannot be factored means 
it cannot be factored with rational coeffi- 
cients. Similarly, it should be pointed out 
that a polynomial such as 2?+3x+1 can 


be factored, but not with rational coeffi- 
cients for the terms in the factors. 

They ought to avoid the careless use of the 
terms “imaginary” and “complex.”” Many 
published materials in algebra confuse 
students by using these two terms inter- 
changeably. The general complex number, 
a+bi, is the superset that includes the set 
of all reals and the set of all imaginaries. 
Thus, it would be correct to refer to all 
imaginary numbers, for example the 
number 37, as complex numbers (the real 
component is zero). But many authors 
mistakenly refer to complex numbers as 
imaginary numbers. Complex numbers 
merely contain an imaginary component. 
The real number, 4, is a complex number 
(the imaginary component is zero), and 
some students are quick to point out that 
therefore not all complex numbers are 
imaginary numbers. 

They ought to encourage students of ge- 
ometry to express the arguments to their 
proofs in paragraph form. The traditional 
outline method, involving a divided page 
with statements on one side and reasons 
on the other, may be effectively used to 
demonstrate the essential components of 
a proof at the beginning of the year. It 
does not, however, encourage a student to 
transfer to other areas the logical presen- 
tation of an argument so well exemplified 
by mathematical proof. In an English 
course he is required to express himself in 
sentences and paragraphs even when he 
may be trying to lead a reader to a par- 
ticular conclusion. I prefer to encourage 
students to adopt a paragraph form of 
proof as early in the year as feasible. As 
an example of the form of proof I prefer, 
consider the following problem. 


Given: AABC with 4. BAC =X. ABC: P and 
Q are on AC and BC, respectively; AP =BQ; 
and AQ and BP intersect at R. Prove: AABR 
is isosceles. Proor: Since it is given that 
4 BAC is equal to X ABC, it follows that 
4PAB equals XQBA. Furthermore, AB is 
identically equal to BA, and AP is given equal 
to BQ. Hence, by 8.A.8., triangle APB is con- 
gruent to triangle BQA. Angle PBA, therefore, 
equals X.QAB; and 4RBA equals 4 RAB. 
Triangle ARB is isosceles, since its base angles 
are equal. 
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In using the paragraph proof I try to 
stress-the desirability of concise expres- 
sion and concern for the ambiguity preva- 
lent in all language. This provides ample 
opportunity for short discussions on 
semantics and the beauty of mathematics 
as a language relatively free from semantic 
difficulties. 

Finally, it is the writer’s opinion, al- 
though there are those who disagree, that 
they—the teachers—ought to require written 
homework of every mathematics student 
every day, and it ought to be corrected and 
returned immediately. Mathematics can- 
not be fathomed by high school students 
unless they actually do mathematics. It is, 
therefore, necessary that students receive 
extensive experience in mathematical prob- 
lems designed to extend and broaden their 
understanding of topics considered in 
class. It is indeed unfortunate that many 
school administrators and school boards 
hold to a belief that mathematics can be 
taught meaningfully in classes containing 
more than 25 students. Under such cir- 
cumstances, and with the normal load of 
classes, it is manifestly impossible to as- 
sign homework and conscientiously cor- 
rect it; but we should strive toward this 
goal and adopt whatever means we can to 
achieve partial fulfillment under existing 
circumstances. 


What's new? 


Recent research has shown that learn- 
ing is most efficient when correction of 
errors is immediate. To me, this points up 
a serious fault committed by many teach- 
ers; assigned homework is collected the 
next day, examined that evening (if then), 
and returned to the student the following 
day. Thus the corrected work is returned 
at least thirty-six hours after it was done 
by the student. By that time the student 
has little interest in the teacher’s correc- 
tions since the class work has proceeded 
to more advanced topics, and the stu- 
dent’s one opportunity for daily, close 
contact with his instructor has been ‘lost. 
I do not have any quick solution to this 
dilemma—the need for daily work to be 
carefully examined and corrected by the 
teacher and the problem of insufficient 
time for it to be corrected and returned. 
However, see how close you can come to 
the ideal. 

I trust that someone may benefit from 
reading these pet peeves that have influ- 
enced my teaching. At least the expression 
of them on paper gives relief to the inner 
self. I encourage all of you who are be- 
ginners to make note of your own pet 
peeves as they develop and to devise ways 
and means to deal with the problems 
which have made you aware of your pet 


peeves. 


BOOKLETS 


Analysis of Research in Teaching of Mathe- 
matics, 1957 and 1958, Kenneth E. Brown 
and John J. Kinsella. U. S. Department of 
Health, Education and Welfare, Office of 
Education. Bulletin 1960, No. 8. For sale by 
the Superintendent of Documents, U. 8. 
Government Printing Office, Washington 
25, D.C., 25¢. 

Five Little Stories, William W. Strader. Wash- 
ington, D.C.: National Council of Teachers 


of Mathematics, 1960. Paper, 16 pp., 50¢. 


FILMS 


Formulas in Mathematics. Chicago: Internation- 
al Film Bureau, Inc., 1960. 10 minutes, color. 
$110. 

Language of Algebra. Chicago: International 
Film Bureau, Inc., 1960. 16 minutes, color. 
$185. 
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NCTM 


THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


Report of the Membership Committee 


The Membership Committee of the 
National Council of Teachers of Mathe- 
matics is happy to submit to you its An- 
nual Report and to congratulate you for 
your outstanding membership achieve- 
ment as- evidenced by the facts we are 
presenting to you. We are confident you 
will find these facts most gratifying—sur- 
prisingly so, since few of us even hoped 
for the generous growth which has been 
accomplished during the past year. 

It is quite likely that you have checked 
totals before referring to this message, so 
I need only to compare the present total 
of 31,194 with the goals we set for our- 
selves during the year. 

In our Annual Report at Dallas, Texas, 
in April 1959, we noted the rapidity of 
current growth and predicted an easy at- 
tainment of the 25,000 goal by the next 
Annual Meeting in April 1960. Later on— 
in the October 1959 issue of THE MatTuHe- 
MATICS TEACHER—we changed that pre- 
diction to a still more ambitious goal of 
28,000 to be reached in that span of time. 
We very easily surpassed that goal. 

The final membership count for the 
year—made on May 1, 1960—shows a 
total of 31,194 members and subscribers, 
or 3,194 more than the larger goal of 
28,000 which we had set for ourselves. 

You will be interested to know that we 
are now the second largest department 
affiliated with the NEA. A year from now we 
should be the largest. 

We must concede that the trends of the 
times have been exceptionally helpful in 


bringing about this noteworthy growth. 
The remarkably fine improvements and 
generous expansion of services provided 
by the officers and board members of the 
Council have been strong added factors 
in attaining this growth. 

A very great deal of the strength of the 
Council is due the efficient and diligent 
work of the state representatives sup- 
ported by the officers and members of the 
Affiliated Groups. The many, many com- 
mittee members of the Council working to 
further NCTM services are making an 
outstanding contribution to the Council. 

Your keen enthusiasm about the growth 
of the Council and the expansion of its 
services, and your direct assistance as in- 
dividuals in the realization of this expan- 
sion have been major contributing factors 
toward the growth and increased strength 
of this great organization. A continuance 
of this fine support is vital to the success 
of the Council in its services to mathe- 
matics education. 

Are we fast approaching the limit of 
National Council membership? Or is there 
still considerable room for growth? Sta- 
tistical data from the U. 8. Office of Edu- 
cation would seem to indicate that our 
current totals—excellent as they are—are 
less than 50% of potential membership. Is 
it reasonable to believe that this potential 
membership will continue to increase as 
school enrollments become greater and 
greater? 

Let us consider the National Council 
membership situation in our own local- 
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ities. How many of our teachers of mathe- 
matics are National Council members? 
What per cent of the members of local and 
state Councils of Mathematics are also 
members of the National Council? May I 
assume an agreement on your part to 
great possibilities for continued member- 
ship growth? 

If this assumption is valid, is it not 
quite evident that current goals should 
again be raised if incentive for growth is to 
remain strong? What advance in goals is 
reasonable? What procedure should be 
followed in working toward these goals? 

May we suggest a general procedure 
such as we have found effective in the past 
—that of raising total goals for individuals 
and subscribers—doubtless placing greater 
emphasis in the future on individual mem- 
berships. In this manner, it is very. prob- 
able that we can raise individual member- 
ships well above 28,000 during the next 
year or so. 

The present total of individuals is 
22,365. Last year’s records show 16,312 
individual members. This indicates an 
increase of 6,053 individuals during the 
current year. Surely, we should at least 
equal that growth during the coming year. 
We would accordingly hope for about 
28,500 individual members by May 1, 
1961. 

Currently, individual memberships com- 
prise about 72% of grand totals. Based on 
the estimated 28,500 total of individuals 
suggested in the above paragraph, our 
grand total by May 1, 1961 should be ap- 
proximately 39,500. This presupposes an 
over-all growth next year equal to the in- 
crease experienced during the past twelve 
months. 

Let us look at the problem in another 
way. Let us examine the year-by-year 
growth in grand totals during the past six 
years: 

Increase from May 1954 to May 1955... .2723 
Increase from May 1955 to May 1956... .1103 
Increase from May 1956 to May 1957... .2354 
Increase from May 1957 to May 1958... .3316 


Increase from May 1958 to May 1959. . . .4293 
Increase from May 1959 to May 1960... .7404 


After the first year’s “spurt” in mem- 
bership growth, records—until this past 
year—show that each year’s increase in 
members was approxiinately 1000 more 
than the increase for the preceding year. 
May we not anticipate approximately 
8500 more members for the current year 
just beginning? 

If this trend continues, is a new goal of 
40,000 members and subscribers too ambi- 
tious? Perhaps we should give ourselves 
two years to meet this goal. This achieve- 
ment should result in approximately 
29,000 individual members. 

A report similar to that presented above 
was submitted to the officers and board 
members at the Buffalo meeting. The re- 
port was accepted with enthusiasm and 
keen appreciation by these officials; the 
recommendations were considered very 
reasonable and quite possible to be re- 
alized in the near future. 

A similar report with recommendations 
for increased goals was also submitted to 
the delegates at the Eleventh Delegate 
Assembly. Here more satisfaction than 
surprise was in evidence over the reported 
achievements. These achievements were 
generally considered merely as a good be- 
ginning for still greater membership prog- 
ress. 

It was universally agreed that prompt 
and continued action was urgent; that now 
was the time to make maximum gains 
while interest in the improvement of 
mathematics education was at a high 
peak. 

Action was taken to accept the recom- 
mendation for a 40,000 membership goal. 
A time limit of one year was set for the 
accomplishment of this new objective. 

This resolution was also passed by the 
state representatives at their Annual 
Meeting. 

The following pages present a detailed 
analysis of National Council membership 
achievement by state and territory. Please 
study this for the over-all picture it pre- 
sents and for the specific data which con- 
cern your more immediate interests. 
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Analysis of Membership Growth, Members and Subscribers, May 1959 to 
May 1960 
Goal and Per Cent of Goal 


ei May 1960 Reached 
May 1959 
ied |S) Individuals Totals 25,000 Goal Per Cent 

214 221 316 282 112% 

17 12 19 20 95% 

278 265 339 100 339% 

Pee 197 155 227 285 80% 

1,765 1,493 2,455 1,465 167% 

294 319 402 134% 

Connecticut. ........ 386 357 503 380 132% 

87 83 111 117 95% 

District of Columbia. . 237 208 239 307 78% 

Pane 624 547 740 585 126% 

248 272 527 310 170% 

65 99 137 76 180% 

1,810 1,622 -2,157 1,980 109% 

623 753 916 899 102% 

391 390 522 492 106% 

Cree 411 425 513 517 99% 

188 185 240 205 117% 

398 351 518 460 113% 

101 111 137 115 119% 

Maryland..........- 390 383 529 475 111% 

Massachusetts. ...... 648 640 867 732 118% 

1,200 1,248 1,852 1,000 185% 

Minnesota........... 622 690 889 667 133% 

Mississippi.........- 175 159 209 205 102% 

438 423 549 550 99% 

Nebraska....... 188 208 268 275 97% 

See 42 29 44 22 200% 

% New Hampshire...... 106 102 128 107 120% 

New Jersey.........- 961 835 1,152 935 123% 

Pe any New Mexico......... 114 112 166 147 113% 

2,184 2,128 2,893 1,967 147% 

i North Carolina..... 274 285 459 425 108% 

North Dakota....... 68 101 127 72 176% 

1,099 1,091 1,345 1,232 109% 

| 375 327 472 395 120% 

306 298 437 222 197% 

Pennsylvania........ 1,486 1 ,437 1,896 1,532 124% 

Rhode Island........ 101 109 144 117 122% 

South Carolina....... 160 144 207 227 91% 

South Dakota........ 79 61 90 60 150% 

410 83% 


66 55 71 67 106% 
456 408 519 595 87% 
Washington.......... 374 270 511 380 134% 
West Virginia........ 133 152 183 262 70% 
626 547 734 700 105% 
Wyoming...........- 63 55 83 60 138% 


22,795 21,706 29 ,937 24 ,063 124% 
U. S. Possessions. .... 33 25 36 40 90% 
rarer 451 385 670 335 200% 


Granp TOoTALs....... 
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Members and Student Members, NCTM May 1, 1960 


Members Student Members Per oo 


640 44 7% 

New Hampshire................... 
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Arkansas. . . 155 2 1% 
319 47 15% 
a District of Columbia............... 208 6 38% 
547 105 19% 
a 425 30 7% 
ae 351 46 13% | 
ey Maine 111 10 9% 
: 383 29 8% 
1 ,437 301 21% 
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You will be interested to note: 


41 states and territories are well over the 
current 25,000 goals. 

8 states and territories need fewer than 25 

members to reach their goals. 

5 states have not been so successful and 
doubtless need your help. Can any of 
you do more to help the leaders in these 
states? 

24 states have had continuous growth dur- 
ing the past year. 

10 states are already well over their 40,000 
goals. 


We have 3160 student members. We are 
pleased about this, for we are convinced 
this interest will continue with these 
young people as our future teachers of 
America. 

Future PLans 

My earlier remarks have presupposed 
a continuation of the work of a Member- 
ship Committee. This may not be the case. 
The new President and the newly organ- 
ized Board of Directors may have other 
directives to issue. 

If the Committee does continue, the 
organization of its work and certain de- 


tails of procedure currently used may be 
somewhat changed. The nature of such 
changes has not yet been determined, but 
they will be in keeping with the reorgani- 
zation plans recently adopted by the 
Council. 

The Membership Committee again ex- 
tends to each of you its sincere thanks for 
your outstanding co-operation and help- 
fulness. Please accept our best wishes for 
your greatest professional success at all 
times. 


PEARL Bonp 

Marian C, 

Mary L&e Foster 

JANET HEIGHT 

Harowp J. Hunt 

LucttLteE Houston 
FLORENCE INGHAM 

MILDRED KEIFFER 

Fairn NOVINGER 

Bess Patron 

Myru H. AnRENpT and 
EvGeEns P. Smiru, Ex officio members 
Mary C. Rogers, Chairman 


Report of the Nominating Committee 


The following named persons have been 
nominated for the indicated offices in The 
National Council of Teachers of Mathe- 
matics. Biographies and photographs of 
these nominees will be published in the 
January issue of THe MATHEMATICS 
TEACHER. 


Vice President, College Level 


Bruce Meserve, New Jersey 
Myron Rosskopf, New York 


Vice President, Junior High School Level 


Helen Garstens, Maryland 
Mildred Keiffer, Ohio 


Directors 


Max Beberman, Illinois 
Lurnice Begnaud, Louisiana 
John A. Brown, Maryland 
W. T. Guy, Texas 

Julius Hlavaty, New York 
Rachel Keniston, California 


Ballots will be mailed on or before 
February 15, 1961 from the Washington 
office to members of record as of that date. 
Ballots returned and postmarked not later 
than March 15, 1961 will be counted. 

Respectfully submitted, 
Oscar F. Scuaar, Chairman 
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@ NOTES FROM THE WASHINGTON OFFICE 


Edited by M. H. Ahrendt, Executive Secretary, NCTM, Washington, D. C. 


Registrations at NCTM meetings 


Below are registration reports for meet- 
ings of the Council held during 1959-1960. 
The Nineteenth Summer Meeting and the 
Thirty-eighth Annual Meeting were the 
largest meetings of their type ever held by 
the Council, while the Joint Meeting with 
the NEA was the second largest of its par- 
ticular kind. 


Of special significance was the Joint 
Meeting with the Mathematical Associa- 
tion of America. This meeting was well 
attended by persons from higher educa- 
tion, and it illustrated the co-operative 
approach being used by persons at all 
levels of instruction to improve the teach- 
ing of mathematics. 


Registrations at the Nineteenth Summer Meeting 
The National Council of Teachers of Mathematics, University of Michigan, Ann Arbor, Michigan, 


August 16-19, 1959 


Arkansas 
California 


Florida 
Georgia 


Kentucky 
Louisiana 
Maryland 
Massachusetts 


New Hampshire 
New Jersey 


Pennsylvania 
South Dakota 


West Virginia 
Wisconsin 
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Registrations at the Thirty-eighth Annual Meeting 
The National Council of Teachers of Mathematics, Buffalo, New York, April 20-23, 1960. 


Registrations at Joint Meeting with the Mathematical Association of America 
The National Council of Teachers of Mathematics, Chicago, Illinois, January 30, 1960 
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Registrations at Joint Meeting with the National Education Association 
The National Councz! of Teachers of Mathematics, Los Angeles, California, June 29, 1960 


Kentucky 
Louisiana 
Maryland 
Massachusetts 


New Hampshire 
New Jersey 
New Mexico 


Pennsylvania 


Virginia 
Washington 
West Virginia 
Wisconsin 
Wyoming 


Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and ad- 
dress of the person to whom you may write for 
further information. For information about 
other meetings, see the previous issues of THE 


Martuematics Announcements for 
this column should be sent at least ten weeks 
early to the Executive Secretary, National 
Council of Teachers of Mathematics, 1201 Six- 
teenth Street, N. W., Washington 6, D. C. 


NCTM convention dates 


NINETEENTH CHRISTMAS MEETING 

December 27-30, 1960 

Arizona State University, Tempe, Arizona 

Lehi Smith, Arizona State University, Tempe, 
Arizona 


THIRTY-NINTH ANNUAL MEETING 

April 5-8, 1961 

Conrad Hilton Hotel, Chicago, Illinois 

Hobert Sisler, Morton High School West, 2400 
Home Avenue, Berwyn, Illinois 


JOINT MEETING WITH NEA 


June 28, 1961 

Atlantic City, New Jersey 

M. H. Ahrendt, 1201 Sixteenth Street, N. W., 
Washington 6, D. C. 


TWENTY-FIRST SUMMER MEETING 


August 21-23, 1961 

University of Toronto, Toronic, Canada 

Father John C. Egsgard, St. Michael’s College 
School, Toronto, Canada ~ 


Other professional dates 


Men’s Mathematics Club of Chicago and Metro- 
politan Area 

November 18, 1960 

YMCA Hotel, 826 South Wabash Avenue, Chi- 
cago, Illinois 

Vernon R. Kent, 1510 South Sixth Avenue, 
Maywood, Illinois 


Northern Section, 
Couneil 
Deeember 9-11, 1960 


California Mathematics 


Asilomar Fall Conference 
Mike Donahoe, P. O. Box 1385, Carmel, Cali- 
fornia 


Men’s Mathematics Club of Chicago and Metro- 
politan Area 

December 16, 1960 

YMCA Hotel, 826 South Wabash Avenue, Chi- 
cago, Illinois 

Vernon R. Kent, 1510 South Sixth Avenue, 
Maywood, Illinois 


Your professional dates 599 


lee 
| 
a | 
| 


BODY 


__ 


TIPLICATION 
OW 


Proven 3-way method 


for fast slide rule teaching 


Today, there’s a growing and urgent need 
for mathematics, science and engineering 
education. So it’s vital that students be 
well-versed in the theory, use and tech- 
nique of the slide rule. To help you teach 
this important fundamental more quickly 
and more soundly, the Frederick Post 
Company has developed a unique ap- 
proach to this problem. 

Post suggests the use of a newly devel- 
oped wall demonstrator chart, and the Stu- 
dent instruction booklet with correspond- 
ing instructions. These all work together 
to give your students a basic understand- 
ing of slide rule theory and practice. 

Of course, even the best grounding will 
fail if your students are using rules which 
are illegible or, worse, inaccurate. Some 
slide rules just don’t have the kind of reli- 
able accuracy needed, even for work at the 
most elementary level. Their printed scales 
are temporary, and may warp with atmos- 
pheric changes. 

The Post 10” No. 1447 Student Slide 
Rule (Mannheim type) is a wise invest- 
ment for your students. It sells for $2.81 
(classroom price) and offers sound value 
for every penny spent. 

This slide rule is constructed of seasoned, 


laminated bamboo, so it will not warp or 
shrink. The slide will not bind, stick or re- 
quire artificial lubricants at any time. 

Scales are engine-divided with each 
graduation precisely cut into the white 
celluloid face. 

The Post 1447 Student Slide Rule has 
the A, B, CI, D, and K scales on the face 
and the S, L, and T scales on the reverse 
side of the slide. 

Educators can help their students ap- 
preciably by advocating better slide rules 
(not necessarily expensive) for basic calcu- 
lations. To prove our point, we’ll be happy 
to supply you, on a 90-day trial basis, with 
one of these Post 10” Student Slide Rules. 
You will also receive complete information 
about the Post Slide Rule Wall Chart and 
the Slide Rule Demonstrator, plus a copy 
of the instruction booklet. Please address 
your inquiry to Educational Division, 
Frederick Post Company, 3650 N. Avondale 
Avenue, Chicago 18, Illinois. 
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A book for the teacher 
who wishes to keep pace 
with modern trends in 


CD inathematics teaching 


THE NEW 
MATHEMATICS 


By IRVING ADLER, Former Instructor in 
Mathematics, Columbia University 


“A fine book for secondary school teach- 
ers of mathematics who never had an 
opportunity to study this recent approach 
to structures in mathematics. Fine con- 
tributions for better understanding of 
the reform in mathematics education.” 
—Howarp E. Fenr, Past President, Na- 
tional Council of Teachers of Mathe- 
matics. 


187 pages. 5% x 8. 1958. $3.75. 


(Do-It-Yourself Supplement of 
Exercises available at 25¢ net.) 


Coming in February 


Tuinxinc Macuines: A Layman’s Guide 
to Logic, Boolean Algebra and Com- 
puters. 192 pp. $3.75 


THE JOHN DAY COMPANY 
oun Sales Office: 210 Madison Ave., N.Y. 16 


THE 
SECONDARY MATHEMATICS 
CURRICULUM 


Report of the 
NCTM SECONDARY SCHOOL 
CURRICULUM COMMITTEE 


A broad comprehensive discussion of 
present curriculum problems and trends 
in secondary school mathematics with 
recommendations based upon the study 
and thinking of many groups and 
persons. 


32 pp. 50¢ each 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


@ A NEW Textbook 


with a fresh approach to the study of 
general mathematics 


ESSENTIAL 
MATHEMATICS 


by Lankford, Ulrich, and Clark 


1. Fundamental laws are developed in ways 
that stress flexibility of application. 


2. Estimating and mental computation are 
emphasized. 


3. Students are stimulated to use their in- 
genuity in solving everyday consumer 
problems. 


4. Important ideas of algebra, geometry, and 
trigonometry are presented inductively. 


5. An abundance of material is provided for 
a wide range of abilities and interests. 


6. Essential Mathematics offers every stu- 
dent a new opportunity for successful 
mathematical experiences. 


World Book Company 


Tarrytown-on-Hudson, New York 
Chicago @ Boston ¢ Atlanta ¢ Dallas @ Berkeley 


Please mention THe MaTHematics TEACHER when answering advertisements 


ie 


— } i 
# 
if 
| 
iF 
i Ly 
; = 12 N 9 
, 
1 
| 
: rT i 
2 
I 
| 
1 
ng 
i 
+ 
{ 


Teaching the Mathematics Young People Need Now 


USING MATHEMATICS Books 7 and 8 


by Henderson and Pingry 


They use the discovery method where 
students work out principles for them- 
selves through problem solving. 


They introduce seventh and eighth 
graders to topics that prepare for 
algebra and geometry. 


They allow for differences in mathe- 
matical aptitudes—-391 optional prob- 
lems challenge superior students. 


They prevent reading difficulties with 
controlled vocabulary and precise def- 
initions of terms. 


They hold student attention with use 
of color, cartoons, charts, and graphs. 


They provide the plentiful practice 
students need to learn the big ideas 
and apply the basic skills of mathe- 
matics——there are 5093 numerical 
and word problems in Book 7 and 
5141 in Book 8. 


McGraw-Hill Book Company, Inc. 


New York 36 Chicago 46 San Francisco 4 Dallas 2 
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modern approach 
to high school 
mathematics 


ALGEBRA 

BY CHARLES BRUMFIEL AND ROBERT 
E. EICHOLZ, Ball State Teachers College, 
AND MERRILL E. SHANKS, Purdue Uni- 
versity 


A textbook for a first course, which attempts 
to teach classical algebra with precision and 
meaning. Emphasis is placed on the develop- 
ment of algebraic concepts. The power of the 
basic laws, and the special roles of o and 1, 
are stressed. A substantial unit on logic is in- 
cluded. A complete Teachers’ Manual is pro- 
vided. 

c. 300 pp., 250 illus., to be published 
January 1—$4.75 


GEOMETRY 


BY BRUMFIEL, EICHOLZ, AND SHANKS 


Already adopted in 39 high schools, and 
praised for its modern approach, this intro- 
ductory textbook is based upon a modified 
version of the Hilbert postulates. It concen- 
trates on the rigorous development of a limited 


number of basic postulates, and makes a clear 


distinction between physical and mathematical 
geometry. While space and coordinate geom- 
etry are introduced briefly, the principal con- 
cern of the text is with plane geometry. A 
unique feature is a large unit on logic, which 
teaches the student to understand some of the 
basic forms of logical reasoning. Complete 
Teachers’ Manual available. 


288 pp., 488 illus., 1960—$4.75 


Have You examined these books yet? 


ADDISON-WESLEY 
PUBLISHING COMPANY, INC. 


Reading, Massachusetts 


hte BESELER 


VU-GRAPH* 
OVERHEAD TRANSPARENCY 
PROJECTOR! 


PROJECTS A HUGE BRILLIANT 
IMAGE BEHIND YOU AS YOU 
FACE YOUR CLASS 


TEACH IN A FULLY LIGHTED ROOM — to watch 
class reactions, permit note-taking 
PROJECT WHAT YOU WRITE, AS YOU WRITE IT 
— to personalize lessons, emphasize specific 
points 
PROJECT ONE TRANSPARENCY OVER ANOTHER 
— to build a complete lesson, step-by-step, 
right before your students’ eyes 
TEACH DRAMATICALLY IN ANY SUBJECT — with 
techniques as unlimited as your own imag- 
ination. . .. 
In mathematics, for example, ennes formulas 
may be prepared in advance and projected on 
sereen, or graphic presentations of mathematical 
concepts may be made using overlay transpar- 


Write for complete catalog and, if desired, 
“no obligation” demonstration. 


CHARLES BESELER COMPANY 
216 So. 18th Street, East Orange, New Jersey 
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INSTRUCTION IN 
ARITHMETIC 


25th Yearbook of the 
NCTM 


Clarifies and develops ideas presented in the 10th and 16th NCTM yearbooks. 


A must for your professional library. 


Presents: 


The cultural value, nature, and structure of arithmetic. 


Factors affecting learning in arithmetic. 


Modern mathematics and its impact on arithmetic. 


The training of teachers of arithmetic. 


Summary of investigations and research. 


374 pp. $4.50 ($3.50 to members of the Council) 


Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS 
1201 Sixteenth Street, N.W. 


OF MATHEMATICS 
Washington 6, D.C. 


Presenting 


Ready soon: 


TEXTBOOKS IN MATHEMATICS 
FOR 1961 


HOLT ARITHMETIC | (Grade 7) 
HOLT ARITHMETIC 2 (Grade 8) 


KINNEY, BROWN, AND BLYTHE 


Ready early 1961 


MODERN ELEMENTARY ALGEBRA 


NICHOLS AND COLLINS 


CONTEMPORARY ALGEBRA AND 


TRIGONOMETRY 


GRISWOLD, KEEDY, AND SCHACHT 


HOLT, RINEHART AND WINSTON, INC. 


383 MADISON AVENUE 


NEW YORK 17 
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matics classroom. 


perfect lessons. 


interest throughout your lesson. 


Send $1.00 for 


Your Copy to: 


“TEN TEACHING AIDS YOU CAN MAKE”’’ 


These teaching aids are the result of over 25 years experience in the mathe- 


Each of these aids, so easy to make by following the simple directions 
and the accurate illustrations, is used for not one, but for many, many, 


The aid immediately captures the interest of the class and holds that 


A “gold mine” of good and effective lessons for you and your classes. 


Send for a copy for each member of your math club and 
make Teaching Aids your project for this school year. 


(No Stamps Please) TEACHING AIDS @ 3625 LATHAM ROAD @ BALTIMORE 7, MARYLAND 


ADDITION SUBTRACTION 


Hold student attention with interesting, effective practice. 


INSTRUCTIONAL DIAGNOSTIC 


Each Tachist-O-Filmstrip contains instructions, basic lesson material and answers. 


REVIEW 


MULTIPLICATION DIVISION 


ARITHMETIC PRACTICE 


Teach an instant grasp of number combinations with these TACHIST-O-FILMSTRIPS and the 
Tachist-O-Flasher. Easy to use on any filmstrip projector. 


REMEDIAL 


For use with an entire class or a small group—or for independent activity. 
Write for free descriptive information. 


LEARNING THROUGH SEEING, INC., Dept. MT-11, Sunland, California 


FIRST YEAR ALGEBRA 


SECOND YEAR ALGEBRA 


Walter W. Hart 
Veryl Schult 
Henry Swain 


trations . 
the material covered. 


you may not believe in magic... 


but if you have ever used a text by Walter 
_W. Hart, you know there és magic in his way 
with a mathematics class. In his many years 
of teaching, Walter W. Hart never for a 
moment forgot how it was to sit at the stu- 
dent's desk. 


These Heath algebras will help you to make 
algebra really interesting to your students. 
They will like the bright appearance of the 
books . . . the lucid style . . . the gradual pac- 
ing of new skills and rules . . . the apt illus- 
. and the practical nature of all 


D. C. HEATH AND COMPANY 
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ANNOUNCING! — A NEW MAGAZINE! 
RECREATIONAL MATHEMATICS MAGAZINE 


Devoted to discussions of lighter mathematical topics, brain-teasers, numerical 
games, mechanical puzzles, logic problems, etc. A bimonthly publication to start FEBRUARY 
1961. 65¢ an issue or subscription rates of $3.50 for the general public and $3.00 for 


teachers, students, and libraries per year. 


Subscribe now and be billed in February 1961 or enclose payment now and receive an 
extra issue with each year’s subscription. Also every subscriber you obtain earns you a 
FREE issue, every five earns you a FREE YEAR’S subscription. Include your name with the 


new subscribers’. 


Use the coupon or send a postcard with the same information requested below. 


BOX 1876 
IDAHO FALLS, IDAHO 


NAME (Print) 


ADDRESS 


Bill me in February 1961. | enclose payment of $ 


RECREATIONAL MATHEMATICS MAGAZINE 


Send RMM for year(s). | (am) (am not) a teacher or student. 


; send an extra issue for each year's subseription. 


TRIGONOMETRY 
by Rees and Rees 


analytical amd numerical 


In this new text, chapters on analytical and 
numerical work are alternated insofar as it is 
practical so that students will not be bogged 
down in long stretches of analytical work. In 
clear, concise language, Rees and Rees enable 
high school students to understand and to use 
the methods of trigonometry with ease. They 
provide worked-out examples which pave the 
way for the exercises to come; they discuss 
significant figures, and supply answers worked 
out in terms of the discussion. Problems are 
presented in groups of four of about the same 
difficulty, 


PRENTICE-HALL, INC. 


Educational Book Division 
Englewood Cliffs, New Jersey 


MATHEMATICS 
by Joseph, Keiffer, Mayor 


emphasizes basic skills 


Basic General Mathematics is a practical and 
inviting study of the concepts and skills that 
the student might not have assimilated in the 
lower grades. The text is written in a conver- 
sational style and encourages pupils to use 
experiences of their own, or within their un- 
derstanding, to help them increase their facility 
in abstracting and operating with numbers. It 
is not filled with useless abstract exercises, but 
teaches the use of mathematical ideas and skills 
in well-defined situations. Throughout the 
book, primary emphasis is placed on the stu- 
dent's understanding of the basic skills in 
mathematics. 


PRENTICE-HALL, INC. 


Educational Book Division 
Englewood Cliffs, New Jersey 
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All-American 
Slide Rules 


DEMONSTRATOR SLIDE RULES in 3 Models FOR ANY CLASS NEED 


Made dally for cl use in 4-ft. and 
7-ft. lengths, they can be suspended from wall or 
ceiling or handled at a desk. Models duplicate 
Pickett Slide Rules used in various grade levels. 


4-ft. Demonstrator ($15 value) can be obtained 
free of cost with qualifying orders. See your 
Authorized Pickett representative for details or 
write: 


PICKETT All-American SLIDE RULES © 542 South Dearborn Street, Chicago 5, Ill. 


16 pages 


1201 Sixteenth Street, N.W. 


MATHEMATICS TESTS AVAILABLE IN THE UNITED STATES 
by 
SHELDON S. Myers 
A listing, as complete as possible, of all the mathematics tests available in the United States. 
Gives information as follows: name of test, author, grade levels and forms, availability of 
norms, publisher, and reference in which review of test can be found. 


Postpaid if you send remittance with order. 
NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


50¢ each 


Washington 6, D.C. 


DO YOU DREAD 


B ACKBOARD! 


TRY THE EASY 
DUSTLESS WAY OF 
BLACKBOARD WRITING 


New HAND-GIENIC, the automatic pencil that 
uses any standard chalk, ends forever messy 
chalk dust on your hands and clothes. No more 

iling from fi ils scratching on board. 
Fits hand like a fountain pen... chalk writ- 
ing or drawing becomes a smooth pleasure. 
At a push of the button chalk ejects—or re- 
tracts. Hand never touches chalk —_ 
never gets dried up or affected lergy. 
It's the most welcome gift you could give a 
fellow teacher. 


STOP CHALK WASTE 
Because HAND-GIENIC holds firmly even 4” 


chalk. and prevents breakage it allows the com- 
= u y the whole length of 
a 


Sturdy metal yr. 
cap, onyx-black barrel. 
for one (only $5 for set of 3). e free. oe CcOD's. 

scount an R- i 
in stores. ORDER TODA not 
HAND-GIENIC, Dept. = ‘me W. Flagler St., Miami 35, Fla. 


yr. written guarantee. 22K gold 
_ TRIAL OFFER: Send 


VISUAL AIDS 
MATHEMATICS 


A wide variety of transparent visual aids for 
junior high school, senior high school and 
college covering plane, solid and space 
geometry. Models are self-explanatory. Com- 
IN-STOCK line — write for Cones | to 


LABORATORIES 


Please mention THe MatHematics Teacuer when answering advertisements 
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LEARNING 


MATHEMATICS AIDS 


@ To promote interest in Mathematical outside activi- 
ties on the part of pupils, we are including an eight 
page section on Mathematics—on the importance of 
Mathematics to individuals and presenting learning aids— 
in our catalog which has a circulation of over a half a 
million so that the importance of Math tics is broug 
to the attention of many people. 
Some of the learning and teaching aids we offer are shown 
here. We are a regular advertiser in your magazine. Watch 
our advertisements for new items. We will greatly appre- 
ciate it if you as a teacher will recommend us to pupils 
interested in learning aids, books, etc. 


D-STIX CONSTRUCTION KITS 


You can increase interest in geometry and teach 
it better by using D-Stix. Solid geometry is fun 
for pupils when you show them actual ua liza - 
tions of regular polyhedrons, geometric figures 
from triangles and cubes through such multiple 
sided figures as icosahedrons, dodecahedrons, etc. 
220 pieces, 5, 6 and 8 sleeve connectors, 2”, 3”, 
4”, 5”, 6” and 8” colored D-Stix. 
Stock No. 70,209-DH $3.00 Postpaid 
including 5, 6 and 8 sleeve connectors. 2”, 3”, 4”, 5”, 


0” 
poe No. 70,210-DH $5.00 Postpaid 
452 pieces, includes all items in 70,210 above, plus long un- 
D-Stix in making your own designs. 
Stock No. 70,211-I $7.00 Postpaid 


NEW! GRAPH RUBBER STAMP 


Real time and labor saver for math teachers. If 
your tests require graph backgrounds—no need 
to attach separate sheets of graph paper and 
worry about keeping them straight. Simply stamp 
@ graph pattern, 3” square as needed on each 
paper. Grading graph problems then becomes 
ae easier. Stamps are 3” square overall—2 
fferent patterns. 

Stock No. 50,255- DH (100 blocks) ..............-$3.00 Postpaid 

Stock No. 50,351-DH (16 blocks) ...........+++-$3.00 Postpaid 

Polar Coordinate Graph Stamp—3” Diam. 

Stock No. 50,359-DH «+eee+e-$3.00 Postpaid 


NEW! BRAINIAC COMPUTER SET 


A fascinating and interesting introduction 
to the isaportant new fleld of the computer. 
Makes such devices as: interplanetary time 
and space calculator, reasoning machine, 
logic games, intelligence tester, many other 
experimental units. All connections are with 
nuts and bolts—no soldering necessary 
can be changed in minutes. “Com- 
plete with 23-page Booklet—plus 9 electrical 
research experiments. Overall size: 15” x 20”. 
600666 901.95 Postpaid 


370 pieces, 
6”, 8”, 10” and 12” D-Stix in colors. 


Stock No. 70,305-DH . 


For Your Classroom Library or Mathematics Laboratory 


ABACUS 


f Our Abacus is just the thing for your 
gifted students to use in their enrich- 
ment units or for math clubs. It is our 
B own design and is 9%” x 7%”. It is 
made of a b aitiful walnut wood with 
6 rows of 1 counters. Complete in- 
structions are included with each 


..$4.95 Postpaid 


ABACUS KIT—MAKE YOUR OWN! 


Making your own Abacus is a wonderful project for any math 
class, or math club, or as an enrichment unit. Our kit gives you 
60 counters, directions for making your own Abacus and directions 
for using our Abacus.—Makes one Abacus. 
Stock No. 60,088-DH Makes 1 Abacus $1.30 postpaid 
For 1,000 counters and one set of directions, makes 16 Abacuses— 
Stock No. 70,226-DH Makes 16 Abacuses «+ -$17.50 postpaid 
For 100 brass rods, to make 16 Abacuses— 
Stock No. 50,234-DH 100 Brass Rods ............$6.90 postpaid 
INSTRUCTION for 10 counter 
Stock No. 9060-DH -25 ea. 
2.00 p 
6.00 


Quan. 


SPACE RINGS 
The Floating Mobile! 


Kit consists of 4 perforated aluminum rings—4” to 8” diam. ; 
metallic colored yarn; hoop; hanger; directions. 
Stock No. 70,285-DH seseceeecees+$4.95 postpaid 


ORDER BY STOCK NUMBER. . 


. SEND CHECK OR MONEY ORDER .. 


EDMUND SCIENTIFIC Co. 


NEWEST TEACHING AID: 
TRIG AND CALCULUS CARDS 


Our newest items that we are offering are 4 
decks of Trig and Calculus Cards. These cards 
are @ great asset to any math laboratory or 
math classroom. Now that more and more ad- 
vanced math is being taught in high schools 
throughout the country these are just the math 
teaching and learning aid that can be used to 
clinch the learning of trig identities or calculus 
formulas. Each deck contains 52 playing cards 
plus instructions, and is used to play a game 
similar to Solitaire. Our decks include Differen- 
tial Calculus, Integral Calculus, Applied Calculus, and Funda- 
mental Identities from Trig. 
Stock No. 40,310-DH—Applied Calculus $1.25 Postpaid 
Stock No. 40,311-DH—Fundamental Identities ... 1.25 Postpaid 
Stock No. 40,312-DH—Integral Calculus . 1.25 Postpaid 
Stock No. 40,313-DH—Differential Calculus 1.25 Postpaid 
Stock No. 40,314-DH—Set of all four . 4.00 Postpaid 


RADIAN PROTRACTOR 


This excellent teaching and learning aid elim- 
inates the need to learn long tables of equiv- 
alences or buy expensive books of tables for 
translating degrees to radian. Saves time in 
computing linear and angular velocity, areas 
of circular segments, etc. 


$ 3.75 Postpaid 


Stock No. 50,265-DH—Pkg. of 25 
$12.50 Postpaid 


Stock No. 50,266-DH—Pkg. of 100 


Offspring of Science . . . REALLY BEAUTIFUL! 


CIRCULAR DIFFRACTION-GRATING 
JEWELRY 


A Dazzling Rainbow of Color! 


This new kind of jewelry is capturing 
attention everywhere. Shimmering 
rainbows of gemlike color in jewelry 
of exquisite beauty—made with CIR- 
CULAR DIFFRACTION. GRATING 
REPLICA. Just as a prism 

up light into its full range of indi- 
vidual colors, so does the diffraction 
grating. 


Stock No. 30,349-DH—Earrings 
Stock No. 30,350-DH—Cuff 

Stock No. 30, '372-DH—Pendant . 
Stock No. 30,390-DH—Tie-Clasp ....... 2.75 Postpaid 


NeW! CIRCULAR SLIDE RULE! 


POCKET SIZE—FAST— 
EASY TO USE! 


Be a Math Whiz! New Circular Slide 
Rule multiplies, divides, figures fractions, 
percentages, squares, cubes, roots, propor- 
tions, circumferences, areas, retail prices, 
fuel consumption. Eliminates the confusions 
of ordinary slide rules. Priced far lower. 
Faster, easier to learn arid use. Constructed 
of 2 aluminum dises with plastic indicator. 3%” diameter. Direc- 


tions included. 
Stock No. 30,336-DH .. $4.95 Postpaid 


FREE CATALOG—DH 


144 Pages! Over 1000 Bargains 


| America’s No. 1 source of supply for low 
cost Math and Science Teaching Aids, for 
experimenters, hobbyists. Complete line of 
Astronomical Telescope parts and assem- 
bled Telescopes. Also huge selection of 
lenses, prisms, war surplus optical instru- 
monts, parts and accessories. Telescopes, 
microscopes, satellite scopes, binoculars, in- 
frared sniperscopes, etc. 


Request Catalog—DH 


. SATISFACTION GUARANTEED! 


BARRINGTON, NEW JERSEY 


Please mention THe MatHematics TEACHER when answering advertisements 
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Make over 200 Small 
Computing and Reasoning 
Machines with . . . 


NEW 1960 ELECTRIC BRAIN CONSTRUCTION KIT 


WITH OUR BRAINIAC KIT K18, you can build 
over 200 small electric brain machines and toys 
which “think,” compute, reason, and display 
intelligent behavior. Each one works on a sin- 
gle flashlight battery . . . is FUN to make, FUN 
to use and play with, and TEACHES you some- 
thing new about electrical computing and rea- 
soning circuits. All connections with nuts and 
bolts—no soldering required. Originated and 
produced by Berkeley Enterprises. Brainiac is 
the result of 10 years’ design and development 
work with miniature mechanical brains includ- 
ing: Tyniac, Relay Moe (automatic relay ma- 
chine playing tit-tat-toe—pictured in Life Maga- 
zine, March 19, 1956), Simon (miniature auto- 
matic digital computer with 129 relays—see 
“Simple Simon” by E. C. Berkeley in Scientific 
American, November 1950), Squee (electronic 
robot squirrel—see “Light Sensitive Electronic 
Beast” by E. C. Berkeley in Radio Electronics, 
December, 1951), etc. 


PROGRAMMING YOUR OWN PROBLEMS 
FOR THE BRAINIAC! 


The Brainiac is the smallest and lowest-cost semi- 


. purp digital computer existing. 

Many problems in ALL fields of knowledge and business 

can be programmed for the Brainiac—to the extent that 

- b tile Itiple switches can express the 

problems. Wr us—no_ cher imple ems, 
charge for ones, 


WHAT CAN YOU MAKE WITH BRAINIAC KIT K18? 
Over 200 machines including—Locic Macnines: 
Syllogism Prover, Intelligence Test, Boolean Al- 


gebra Circuits, Douglas MacDonald’s Will Ana- 
lyzer, Diagnosing Motor Car Trouble, etc. Game- 
Piayinc Macuines: Tit-Tat-Toe, Nim, Wheeled 
Bandit, Black Match, Sundorra 21, etc. Com- 
puTERS: That add, subtract, multiply or divide 
using decimal or binary numbers. Forty-Year 
Calendar, Prime Number Indicator, Money- 
Changing Machine, etc. CryptocrarHic Ma- 
cHines: Coders, Decoders, Lock with 15,000,000 
Combinations, etc. PUZZLE-SOLVING MACHINES: 
The Missionaries and the Cannibals, Age-Guess- 
ing Machine, Submarine Rescue Chamber, Fox- 
Hen-Corn & Hired Man, Uranium Space Ship 
and the Space Pirates, The Three Monkeys Who 
Spurned Evil, General Alarm at the Fortress of 
Dreadeerie, etc. Quiz Macuines: How to Tell an 
Aardvark from an Armadillo, The Waxing and 
the Waning Moon, Polar Air Routes, history, 
geography, trigonometry, grammar, statistics, cal- 
culus, etc. 


WHAT COMES WITH YOUR BRAINIAC KIT... 
Complete Plans, Instructions, Explanations and Hardware: 


@ Every part needed to build Brainiacs, Tyni 


including control panel, multiple switch Ss, jumpers, 116 pat- 
wire, battery 


en impr wipers, bulbs, 


and special 


© Full descriptions and specifications for 201 computing, reasoning, 
logical, puzzle-sol and -playing 


arithmetical, 
and experiments. 


ving game 


© Over 170 circuit diagrams including 46 exact wiring templates. 


©@ Textbook “Brainiacs—201 Small Electric Brain Machines and 
I ‘ x Edmund C. Berkeley, 1959, 256 pages, 
including as chapters “Introduction to Boolean Al eb Gir, 


How to Make Them 


cuits and Switching” and “How to Go from 
Geniacs to Automatic Computers.” 


only $18.95 eee 


MORE VALUE © MORE FEATURES 


BRAINIAC KIT (1960 Model) K18 .. . the kit with 

limitless possibilities—backed by an organization 

of 12 years’ standing in the computer field $18.95 

(For shipment west of Mississippi, add 80¢; 
outside U. S., add $1.80) 


7-Day Full Refund Guarantee If Not Satisfactory 


Please mention THe MatHematics TEACHER when answering advertisements 


ra for 
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WHO IS EDMUND C. BERKELEY? 


Author of “Giant Brains or Ma- 
chines That Think,” Wiley, 1949, 
270 pp. (15,000 copies sold) ; 
author of “Computers: Their Op- 
eration and Applications,” Rein- 
hold, 1956, 366 pp.; author of 
“Symbolic Logic and Intelligent 
Machines,” Reinhold, 1959, 203 
pp.; Editor and Publisher of the 
magazine, “Computers and Auto- 
mation; Maker and Developer of 
small robots; Fellow of the So- 
ciety of Actuaries; Secretary 
(1947-53) of the Association for 
Computing Machinery; Designer 
ot ail the Tyniacs and Brainiacs; 
Designer of the patented Multiple 
Switch Disc and other features in 
the 1955 original kit. 


600 pieces 


BERKELEY ENTERPRISES, Inc. 

815 Washington St., R-224, Newtonville 60, 

Mass. 
Please send me Brainiac Kit K18. (Re- 
turnable in 7 days for full refund if not 
satisfactory—if in good condition.) I 
enclose $.......... in full payment. 
My Name and Address are attached. 
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Welch Chart of 


Logarithms and Trigonometric Functions 
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No, 7550 

This large chart, 76 < 52 inches, provides a ready reference during class 
discussions and eliminates the need for small tables, handbooks, or texts 
= examinations. It is excellent for teaching interpolation and use of 

les. 
Logarithms are on one side of the chart and trigonometric functions are on 
the other, so that it may be hung with either side showing as required. 
Some schools purchase two so that both sides may be shown at the same 
time. 
The numbers are large enough to be read at the back of the usual size 
classroom, and the chart is printed in black and red on white stock for in- 
creased visibility. 

No. 7550. Logarithm and Trigonometric Function Chart. Each, $15.00 

CCSSO PURCHASE GUIDE NO. 0815. 


Write for the Welch Catalog 


W. M. WELCH 
SCIENTIFIC 
comMPANY 


et, Chicago 10, U. $. 


DIVISION OF W. M. WELCH MANUFACTURING COMPANY 
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